Лекция №2. Числовые ряды
[image: image1.png]Yuc1060ii ps0 — 370 BBIpaXeHNe BUIA
Zun SU AU U
n=1

Tlle WIeHbI PSIa Uy, Uy, ..., Uy, ... — JNEHCTBUTENbHbIE WM KOMILIEKC-
HBIE YNCIa, U, OOIIMIT WIeH psiza.

Psan 3anaHn, ecan usBecTeH oOMINii WieH psina Y,, BEIPAXEHHBIIT
KaK (DyHKIUS ero HoMepa n: U, = f(n).
n-51 HACMUMHAS CYMMA PSOA — 5TO CyMMa TIePBEIX /1 WICHOB psiia
S, =t~y +...+U,.
Paccmorpum cienyrore cyMMBI:
Si=u, Sy=ty+y, Sy=th+ih+1, ...
P50 cxodumcs, eciu cyuiecTByeT KOHEYHBIH TIpenent

S=limS, (1.1)
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[image: image2.png]MOCIen0BaTEIbHOCTH YaCTUYHBIX CYMM psifa.

Tpenen (1.1) HasbiBaeTCs cymmoii psida S = Z

n=1
Psd pacxodumes, ecnu lim S, He cyliecTByeT WM paBeH 6ecKo-
=
HEYHOCTH.
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Psan 0+ 0 + 0 +... cxomuTcsl, ero cymma pasHa HyJto (S =0).
Pan 1 + 1+ 1 +... pacxoauTest, ero cymMMa paBHa GeCKOHeU-
HocTH (S=00).

. Pan 1—1+1+... pacxoauTcs, Tak KaK mpezesia YaCTHYHBIX

CYMM He CyILeCTBYET.
1

. Pan —+-— +...4————+... CXOOUTCH, eTO CyMMa

1 2 2. 3 3.4 n(n+1)
paBHa eIMHMUIIE.

Tlokaxem, 4To cyMMa JaHHOTO psiia paBHA eNMHUIIE.
Paznoxum obuinit wieH psina Ha CyMMy MpPOCTEHIINX Apobeii:

1 A B
nn+l) n n+1

Boruncnnm koaddpunnenTsr A u B:
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CocTraBuM /1-10 YaCTHYHYIO CYMMY psiia:

Berancium npenesa mocaenoBaTeIbHOCTH YAaCTUYHBIX CYMM:
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[image: image5.png]CeoiicTBa papos

Caoiictso 1. Eciiu psin

=U AUy U (1.2)

n=l

CXOIMTC U €T0 CYMMa paBHa S, TO psii

icun:cul+cu2+m+cun+m, (1.3)

n=1
I7ie ¢ — IPOM3BOIbHOE YHCIIO, TAKXKE CXOIUTCS M €r0 CyMMa paB-
Ha ¢S. Ecu xe psan (1.2) pacxonurcs u ¢=0, To u psn (1.3) pac-
XOIUTCSL.




[image: image6.png]Ceoiicto 2. Eciu cxomures psin (1.2) u cxomurest psin
Zv,,:v,+v2+m+vn+“,, (1.4)
n=1

a JIX CyMMBI COOTBETCTBEHHO PAaBHBL S| I ), TO CXOISTCS U PSIIbL

i("n 1v,), (1.5)
n=1

MpUYeM CyMMa KaxIoro pasHa S +.5,.
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Cymma (pasHOCTB) CXOISIIEToCst M PacXOISIIerocst psIIOB eCTh
PpacXofsIIuiics psiI.

3ameuanue

Cymma (pa3HOCTB) IBYX PACXOMSIINXCS PSIOB MOXKET OBITh KAk
CXOISIIIUMCS, TAK I PACXOISIIIIMCS PSIIOM.

Ceoiicteo 3. Ecu k psany (1.2) mpuGaButh (M1 OTOPOCHUTH) KO-
HEYHOE YHCIIO WIEHOB, TO MOMYYeHHBIH psin u psia (1.2) cxomsares
WM PAcXONSATCS ONHOBPEMEHHO.
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Uy + Uyt = Z u,
k=n+1

Has3bIBaeTCs n-m ocmamkom psada (1.2), KOTOPBIN MoTydaeTcs:
w3 psina (1.2) orGpackIBaHNEM €TO /1 IEPBBIX WIEHOB.

CormacHo cBoiicTBy 3:

1) psin (1.2) 1 ero ocTaToK OMHOBPEMEHHO JINOO CXOMATCS, THOO

pacxomsTCsT;
2) ecau psin (1.2) cxonuTesi, TO €TO OCTATOK F, TP A —> %0 CTpe-

MUTCA K HYJTIO, TO €CTh

limr, =0.

oo




[image: image9.png]Psapn reomeTpuyeckoil nporpeccuu

Pan suna
a+ag+ag +..+aq"" +... (a=0) (1.6)
HA3BIBACTCSI PA0OM 2€0MempUHecKoli npozpeccuu.
Wcenenyem naHHBI psil Ha CXOOUMOCTb.
CyMMa MepBBIX 71 TEpBEIX WICHOB MPOTPECCHH HAXOLHTCS
1o popmyne

S, = @, gl
Haiinem mpemesn a10it cyMMBbIL:
lim, =lim %0290 _ ¢ _ i 4
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[image: image10.png]Paccmorpum crenyromye ciydan:

1. Ecnulgl<1,t0q" > Onpun >oonlimSn:1fq,T_e_pm(l,6)

ne

a
CXOMIUTCA U €TO CyMMa paBHa 17

2. Eciu ‘q‘>1, T0 " —> o mpu n—> 0 u lim.S, =0, T.e. psin (1.6)

e
PACXOIUTCSL.

3. Ecnug=1, nonydaem psin a+a+a+..., KOTopelii pacxonurcs,
Tak Kak S, =n-a, limS, =0,

e
Ecnu ¢=—1, nonyuaem psin a—a+a—a+..., KOTOpBI pacXomuT-
cs1, Tak Kak lim S, He cymecTByer.
fraes




[image: image11.png]P (1.6) nipu |9 = | pacxonnTest.
Taxum o6pazom, psaa (1.6) cxomures pu ‘q‘ <1 pacxonures mpu
lg/=1.




[image: image12.png]TIpnmep. MccnenosaTs Ha cXonMMOCTD psiI
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2 1

o=




[image: image13.png]Heobxoaumbiit npu3Hak cxoaMmocTi
Teopema. Eciut psin cxomutest, To ero oBIIMii WieH U, CTPeMHTCS
K HYJIIO [IPU /1 —> 0, TO €CTh

limu, =0.
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[image: image14.png]Caedcmeue (docmamounoe ycaogue pacxooumocnu psoa)
Ecmu lgll u, # 0 WK He CyLIECTBYET, TO Psil PACXONUTCH.




[image: image15.png]TIpumep. Vcenenosatb Ha CXOIMMOCTb psi
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JlaHHELIT PSII PACXOIMTCS, TAaK KAK BBIIOIHSIETCS] TOCTATOUHOE
YCIIOBHE PACXONMMOCTH psifia:
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Достаточные признаки сходимости рядов с положительными членами

Рассмотрим некоторые признаки, позволяющие исследовать на сходимость ряды с положительными членами.
Теорема 1. (Признак сравнения)
[image: image18.png]PaccMOTpUM psIbI € MONOKUTENBHBIMH YIEHAMI
Uy Uy U+ U, (2.3)
VAV FVy Y, e (24)
Ecin unensl psiga (2.3), HauMHas ¢ HEKOTOPOro 4ieHa, HE Mpe-
BOCXO/ISIT COOTBETCTBYIOUINX WICHOB 3aBEIOMO CXOAIIEr0Cs Psi-
1a (2.4), To manHblii pan (2.3) Toke CXOAUTCA.
Ecin ke unensl psaa (2.3), HauMHAs C HEKOTOPOrO 4IeHa, HE
MEHBIIIE COOTBETCTBYIOWIMX HICHOB 3aBEIOMO PACXOIAMIEroCs
psima (2.4), To AaHHEIT psig (2.3) TOXKE PacCXOAUTCS.




[image: image19.png]Tlpuvep. Mccrenosats Ha cxomvocTs pst
& 1
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Pewenue
CpasHum ganHBii psia ¢ pzom
-1
s

KOTOPt CXOTHTCS (PSV COCTAREH I3 H71EHOB GECKOHEHO YGHiBa-

fotteli reoMETpIECKOit MpoTpeccih).
Tax kax
11

EETa s
70 110 Teopeme I 1amuiit 10 YCIOBIIO P CXOAHTCA.





[image: image20.png]Tlpuwep. Mcenenosats Ha CXOTMMOCTB P
1
25
Pewenue
Cpasninn nassuit pz ¢ pzon

51

KOTOPIE PACXOMHTCH (rapMOHIUECKHit Psin).
Tax Kax, HAMHAst CO BTOPOFO SMEMEHTa, BHMOTHACTCS Hepa-

BeHCTBO
11

W
70 110 Teopeme 1 AasHii 110 YCIIOBHIO PSIA PACKOANTCSL.





Теорема №2. (Предельный признак сравнения)
[image: image21.png]Ecnu uist psnos (2.3) n (2.4) ¢ N0N0KUTEIBbHBIMH YWICHAMH
CYIIECTBYET KOHEUHBI OTIMUHBI OT HYyJs Mpeien OTHOLICHHS
MX OOIIHX YJICHOB, TO €CTh

o
lim =k =0, 25)
o v,

TO PSIBI CXOAATCS THGO PACXOAATCH OTHOBPEMEHHO.




[image: image22.png]Tlpinvep. MceienoBaTh Ha CXOMMMOCTS P
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Pewenue
CpasH nansb psiz ¢ pazom
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KOTOpit pacxomTes (rapMoHsecKHii psn). Becny npeten





[image: image23.png]2
Tax xax 5 >0, 70 1o Teopene 205 pza onHoBpencHio pacxo-
naTCs.
‘Taxim 0Gpa3oM, aHHbiii 110 YCTOBIMIO P PACKONHTCS.




Теорема 3. (Признак Даламбера)

[image: image24.png]Ecnu B psaje ¢ nonoxkuTe bHbIMU YleHaMu (2.3) oTHOLIEHHE
(n+1)-ro unena k n-My npu 7 —>0 MMEET KOHEYHBIl Mpejen ¢,
TO €CTh lim Yot = q, (2.6)

o u,
T0 psif (2.3) CXOAUTCS NPH YCIOBHH, YTO ¢ < | M PacXouTCs NpH
yenosuu, uto ¢ > 1. Ecni ¢ = 1, To psit MokeT GbITh Kak CXOs-
IIMMCS, TAK W PACXOAMINMCS.

Ipusnak [lanamGepa pauuoHaILHO HCMONL30BaTh, KOTJA B
oflleM uieHe psla MMEETCs MOKasaTeslbHas 3aBUCHMOCTh HITH
(aKTOpHAT HEKOTOPOTO BEIPAKEHHS.




[image: image25.png]Tlpuvep. Mccrenosats Ha cxomvocTs pst

23

Pewenue
Borancuy npezien

6

1
Tax xax 5 <1, 70 n0 npwsraxy JlanavGepa sarii no yenosio

pan cxomTes.

Tlpuvep. Mccrenosats Ha cxomvocTs pst

Pewenue
Borancun npezen





[image: image26.png]‘Tax Kax peste pabes GeCKOHESHOCTH, TO 110 npw3HaKy lanav-
Gepa naHHHii 110 YCTOBHIO P PACKOTHTCH.

TIpuvep. Micene105aTh Ha CXOTHMOCTS DS, HETIOM3Yst MPH3HAK

[NanamGepa: .
Sne2

Pewenue
Braacn npee

lim 2
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(LU (702
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Tax kax npesten paset 1, To npustiak /lanamGepa oTseTa 0 cxo-
AMMOCTH ILTH PACXOAMMOCTH PSAA HE JACT.





Теорема 4. (Радикальный признак Коши)

[image: image27.png]Ecnn ans paga (2.3) ¢ MONOKUTENLHBIMU YlIEHAMH CyIlle-
cTBYeT Tim 2fu, =1, (2.8)
-0
TO psizt (2.3) cXoauTCA NPU YCIO0BHH, 4TO [ < | M pacXomutes npu

yenosuu, uto /> 1. Ecim [ =1, To psii MOKET GbITh Kak CXOs-
IMMCS, TAK U PACXOIAIIMMCS.




[image: image28.png]Tpinvep. Mceieosats Ha CXOIMMOCTS Pt
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[image: image29.png]1
Tax xax <1, 0 no pazwarshony mpwawaxy Koun aarmsii

110 YCIOBHIO Sl CXOHTCS.




Теорема 5. (Интегральный признак Коши)

[image: image30.png]PaccmoTpum n-ii 4iieH paaa Kak QYHKUMIO OT n: u, = fin).
CrnenoBatenbHO, BCAKHIl Pl MOXKET OBITh NPEACTABICH B BHIE

D +A)+ .+ i)+
Tycts dynxuus fix) onpenenena ams x > 0, MOTOKUTENb-
Ha, MOHOTOHHO YOBIBAIOIIas U CTPEMHUTCS K HYIIO TIPH X —>00.

Toraa ecnu HeCOGCTBEHHBI HHTErpaj j f(x)dx cxomures, TO
1

cxoutes  paa (2.3). Ecnu HecoGCTBEHHBIH HHTErpat j S(x)dx
1

PaCXOAMTCS, TO pacXomuTes u psg (2.3).
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CIE/10BATE ILHO, MHTETPAT CXOUTCH, JHAYHT H PSLL CXOTITCS.
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P suza

P AT
HAIBACTCS 00GURHHbLY 2apMONNECKIN PAOOM.

Mccienyen €ro Ha CXOQMMOCTS, HCTIOTB3YS HHTETPATLHBII IpH-
3nak Kowm.
Tdx 1

1. Ecn p>1, 70 psx cxomuTes, Tax Kak 7

2. Ecnm p<1, 7o psix pacxommres, Tax xax]- i—*

3. Ecnn p=1, 7o psn pacxomuTes, Tak Kak %:n




