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TEMA 1. MATPUIlbI. ONPEJEJIMTEIA
CUCTEMbI IMHEUHbBIX YPABHEHUU
1.1. Marpuna. OCHOBHbIE MOHATHS
Onpenenenne. Mampuyeii pa3mMepa mXn Ha3bIBACTCS MTPSIMOYTOJIbHAS
TaOJUIA YUCEII, CoJepkKamas m CTPOK U n cTonaduos. Uucna, COCTaBISIONINE
MAaTpUILy, Ha3bIBAIOTCS 3eMeHmamyu MATpUIbl. MaTpuibl 0003HAYAIOTCS Jia-

TUHCKUMU OykBamu A, B, C, ... 1 3aITUCBIBAIOTCS B BHJIE:

a, ay, .. a
go| G Gy a4y,
A, G,y - a,,

WK B COKPAIEHHOM 3amucu: 4 = (al.j) ,i=12,..,m, j=12,..,n. Kax-
mxn

JIBIA DJIEMEHT @;; MaTPUUBI NMEET 1Ba MHIEKCA i ¥ j, KOTOpbIE TTOKA3bIBAIOT,

YTO AJIEMEHT HaXOJUTCS B i -OH CTPOKE H j -OM CTOJIOIIE.

Onpenenenne. J[se martpunsl A nu B Ha3bIBaIOTCS pasHbiMU, €CIIM OHU
HUMCIOT OJJMHAKOBOE YUCJIO CTPOK 7 M OJMHAKOBOE YUCIIO CTOJIOIIOB 71 U UX CO-
OTBETCTBYIOUINE JIIEMEHTHI PABHBL: d;; = bij’ i=12,..m, j=12,.,n.

Onpenenenune. Mampuyel-cmpokou Ha3bIBa€TCSI MaTPHIIA, COCTOALLIAS U3
OIHOM CTPOKH:

A=(ay ap .. a,).

Ixn
Onpenenenne. Mampuyeii-cmo6yom Ha3bIBACTCI MAaTPHIIA, COCTOSIIIAS
13 OJTHOTO CTOJIOIA:

by
by
mx1 e
bml
Onpenenenne. Marpuia, y KOTOPOH YHCIO CTPOK PaBHO YHCITY CTOJOIOB

(m = n), Ha3BIBACTCA K6aAOpamuou mampuyel nopsaoka n. YUCIO CTPOK WU
CTOJIOIIOB KBAJIPATHOW MATPHUIIBI HA3BIBACTCS €€ NOPSIOKOM.

PaccmoTpuM kBasipaTHYIO MaTpHUIly NOpsiAKA 7:

a; A, e a4y,

4= Ay Qyy o Ay,

a, a, - a,
Ompenenenne. Jluaronans, coaepKaias 3IEMEHTbl &, dyy ..., 4, , HA-
3bIBACTCS [JIABHOM, @ [UAroHajb, CONEPIKAWIAS DIEMEHTBI &, ,dy, |,

HA3BIBACTCS OOOYHOM (MU BCIIOMOTATENBHOM).

Omnpenenenne. KBanpartHeie MaTpulbl, Y KOTOPHIX OTJIMYHBI OT HYJIS
TOJIBKO 3JIEMEHTHI, HAXOMSIINECS Ha TJIaBHOM AWAroHAIM HA3bIBAIOTCS Ouazo-
HAbHBIMU:

a;, o .. 0
e 0 Ay 0
0 0 a

Onpenenenne. Econ y auaronaabHOM MaTpuIlbl #-TO TIOPSIIKA BCE AUAro-
HaJIbHBIC 3JIEMEHTHI PaBHBI €IMHUIIE, TO MAaTPUIAa HA3BIBACTCS eOUHUYHOU MaT-
pHIICH 1-TO TOPSIKa U 0003HAYACTCS:

1 0 .. 0
E- 0 1 0
0 0 1

1.2. [leiicTBHUsI HAA MATPUIIAMH
1. YMHoXeHHe MaTPUIIbI HA YHCJIO0.

Ipu ymuoxenuu marpuusl 4 = (a lJ) Ha umMcno A KaxIbli ee dIeMeHT

YMHOKA€ETCs Ha 9TO Yucio A4 = (/1al.j) .

Ipumep. Jlana MaTpuIa A=

(13 33 (3 9
3A‘(—2.3 53)‘(—6 15]'

2. Cio:keHne MaTpull.

TOorga

Cymmoii mByx matpuny A = (az'j) nu B= (sz) OIMHAKOBOTO pa3Mepa
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mxn sBrsgeTcss MaTpuma C pa3Mepa mxn, SJIEMEHTHl KOTOPOH BBIYHCIIAIOTCS 110

dopmyie Cij =aij +bij g i =1,2,...m, j=12,...,n (1.e. MaTpumsI

CKJIaABIBAOTCS HOSJ’IGMGHTHO).

Ilpumep. JlaHbl Matpuisl A:(—zl g (6))“ Bz(g —51 _?J,

Tor,uaManI/IuaC=2A+B=2~(_21 2 gj+(g _51 _ij:

(4 6 0y, (0 -1 3)_( 440 6-1 0+3)_
-2 10 12)7\2 5 —4)7\-2+2 10+5 12-4)7

_[4 5 3
~\0 15 8)°

3. BolunTanue MaTpuil.

Pasnoctsio matpuny A = (aij) u B= (sz) OJIMHAKOBOTO pasMepa mxn

SABJIACTCSA MaTpula D pasMepa mXxn, 3JICMCHTbLI KOTOpOfI BBIYUCIIAKOTCA 110

dopmye dl’j =ay _bij g i=1,2,....m,j=12,...,n.

Ilpumep. Janbl MaTpuipl 4 = (_ ; i) uB= (’i B g) ’

TOTaa MaTpuua

e (12 (7 5Y (1-7 2-5) (-6 -3
D=4 B‘(—3 4) (1 —3)‘(—3—1 4+3)‘(—4 7)

4. YMHOXKeHHMe MATpHLl.
VMHoxeHHe MaTpuLbl A Ha MaTpully B onpesieieHo, KOra YMcio cToI0-
1I0OB TIEPBOY MATPHIBI PABHO YHCITY CTPOK BTOpOW. Toraa nmpousBeeHUEM MaT-

punt A - B HasbiBaeTcs Takas maTtpuua , KaXIbI 3JIEMEHT KOTOPOit

C
mxk kxn mxn

c j; PaseH cymme TIPOU3BEACHUN 3JIEMEHTOB i-OW CTPOKU MaTpHIBl 4 Ha COOT-

/)

BETCTBYIOIIHE 3JIEMEHTHI j-TO CTOJIONA MaTPHIIEI B:

k
¢ij = ailblj + aizsz +...+ aikbkj = sél aisij .

3 2
Ipumep. Nanst MaTpumisl 4 =| 2 1| m Z[l _1),TOF,I[3
3x2 15 2x2 3 4
3 2 | | 3-1+2-3 3-(-D)+2-4
-B =12 1 =l 21+1-3 2-(-D)+1-4 |=
2 2x2 3 4
15 1-1+45-3 1-(-1)+5-4
9 5
= 5 2|
16 19

5. Bo3BeneHue B CTeNeHb.

Llenoit monoxurensHoii crenensio A (m > 1) kBampaTHOil MaTpuibl 4
Ha3bIBACTCs MPOU3BEACHUE m MAaTPHIL, PaBHBIX A, te. Am =A-A-..-A-
m pa3
Omeparyst BO3BEJCHUS B CTETIEHb ONPEAEISIETCS] TOJIBKO AJISI KBaAPATHBIX MaT-
pwuilL.

Ipumep. Nana matpuna A = (;’ ij , TOrzaa
2 (U 2y (1 2y _(1-1+2-3 1-2+2-4)_
A ‘A'A‘(3 4) (3 4)‘(3-“4-3 3-2+4-4]‘

(7 10
s 22)
6. TpaHCIOHUPOBAHHE MATPUIIBI.

T .
Hepexoa OT MaTpulbl A K MaTpune A , B KOTOpOH CTPOKH U CTOJ'I6IILI
NIOMCHAJINCh MECTAMH C COXPAaHCHHUEM IOPAAKA, HA3BIBACTCA TPAHCIIOHHUPOBA-

HUEM MaTpHlbI. U3 OIIPEAC/ICHUA CICAYCT, YTO C€CJIM MaTpula A HUMCCT pasMep

T
mXxn, TO TDAHCIIOHUPOBAaHHAasA MaTpula A HUMCCT pasMep nxmi.

3 6

3 45 T
ITpumep. Jlana matprna A =( j,Torz[a At =4 7
23 \6 7 8 2 \5 8



1.3. Onpenenurens. OcHOBHbIE OHATHS
Onpenenenne. Onpedenumenem HA3BIBACTCS YHCIIO, XapaKTepU3ylollee

KBajpaTHylo Matpuiy A. OnpenenuTens 00603HaYaeTCs ‘A‘ wm A = det A
(meTepMHHAHT).

Omnpenenenne. Onpedenumens 8MOPO2O nopsoxa MaTpPHIIBI

a4
A= BBIYHCIISETCS 110 OopMyJIe:

1 4y
a a
|A|= e =dyy Ay T4 dyy
a a
21 T
Ilpumep.
I[aHaManHuaA=(% ;),TOFZ[&‘A‘Z% §‘=2-7—5-1=9.

Omnpenenenne.  Onpederumens  mpemvbe20  NOPAOKA  MaTPHUIIBI

iy 4 93

A=|a 5] Gy @yy | BEMHMCHAETCA 1O ¢dopmyne Capproca («paBHIO
dyp 43y di3

TpeyFOHLHI/IKOB»I

a4 413
‘A‘ =|d21 Ay 43| T aq1dppd3z3 +a13dn a3y +apdy3dsy
a3y dzp dzz

BRI R R SRR TR e VR PR St
5 -1 2
Ilpumep. Nana matpunia 4 =| 2 1 3|, Torma
4 1 4
5 -1 2
l4=2 1 3=514+2-2:1+(-1)-3-4-2-1-4-5-3-1-
4 1 4
—(=1)-2-4=-3.

Onpenenenne. Munopom M j IeMEHTa d;; ONpEJieNuTeNst /-0 1o-

pAzKa HazpiBaeTca onpejaenutens (1 — 1)-ro nopsxa, noay4eHHbIH U3 JaHHO-

9

O ONpPEJEIUTENS BEIYCPKUBAHUEM [-Oi CTPOKH H J-T0 CTOJOLIA.

Onpenenenne. AreeOpauyeckum OONOIHeHUEM Aij JJIEMEHTA aij or-

peacauTeiid n-ro ImnopsjakKka Ha3bIBaCTCd €ro MHUHOp, B3SITBIA CO 3HAKOM

i+j i+j
(1) Jroecrs 4. =(-1)" .M.
ij ij

Ipumep. Jlana matpuna A =

W L N

3
1
1

n k=

Munop M 73 JIEMEHTA (I, MONYYaeTCs U3 ONMPEICTUTENS MATPULIBI A

BBIYEPKUBAHNUEM BTOPOH CTPOKH U TPETHETO CTONIOIA, T.€.

23
My =13 1

23 =2.1-3.3=-7.

Anre6pa1/1qecxoe JOIIOJTHCHUEC A23 OJICMCHTA 61232

A23 :(_1)2+3 M :(_1)5 '(‘7):7~

23

1.4. OopaTrHast MaTpHLa

-1 .
Onpenenenne. Matpuna A HaswiBaeTcs 06pammuoti IO OTHOLICHUIO K
KBaJ[paTHOW MaTpHue A4, eciii NPy YMHO)KEHHH 3TOH MaTpHLBl HA JaHHYIO Kak
CIpaBa, TaK ¥ CJICBa MOJIy4aeTcsl CAMHNYHAs MaTpULa:

Al A=4-4"=E.

U3 ompeneneHus cienyer, 4TO TOJNBKO KBaJpaTHAs MaTpHIa UMEET 00-
patHyio. B 3TOM ciydae u oOpaTHas MaTpuia SBISCTCS KBAJPATHOW TOTO KE
ropsiaka. OgHAKO HE Kak[as KBaJpaTHAs MaTpHUILa IMEET 0OpaTHYIO.

Onpenenenne. Eciu ompeaenuresns MaTpullbl OTIWYEH OT HYJS

QA‘ Z 0), TO Takas KBaJgpaTHAas MaTpHIA Ha3BIBACTCS HEBbIPONCOEHHOIl, B

MIPOTHBHOM CIlydae QA‘ = 0) — BbIPOIACOEHHOII.

Teopema 1 (HeoOxoaumoe U AOCTAaTOYHOE YCIOBUE CYIIECTBOBAHHS 00-
patHoit MaTpuibl). OOpaTHas MaTpUIa A7 cyliecTByeT (M €AMHCTBCHHA) TOTIa
U TOJIBKO TOT[Ia, KOTJIa HCXO/IHAS MaTPHIIA HEBBIPOKICHHAS.

Aneopumm ebruucienus 06pamHol Mampuybl

1. Boruncnsercs onpenenutens Marpunsl A. Ecnu ‘A‘ =0, To mMarpuma

o -1
A — Beipoxennas u obparHoit matpuist A He cymectsyer. Eciu ‘A‘ =0,

10 Matpuua A — HEBBIPOXKIEHHAs U 0OpAaTHAS MATPHIIA CYIIECTBYET.

10



2. BprumcnsmooTcs anre6pa1/mec1<1/1e JOIIOJIHEHUSI BCEX DJJIEMEHTOB ( ..

Matpuiisl A ¥ 3anmuckIBalOT HOBYIO Matpuiy A .

~T ~
3. Bouucnstor matpuity A, TpaHcoHHpoBaHHy0 K MaTpuie A .

4. BBIUHCISIOT OOpaTHYIO MaTpHIly IO ¢opMmyle A7

(4]=0).

. -1
5. HpOBepr}OT MPaBUJIbHOCTb BbIYHCJICHUS 06paTHOI/I MaTpulbl A , UC-

ZT rae
Y]

-1 -1
xoms w3 ee onpezienenus: A -A=A-A =F.
IIpumep. Haiiti 06paTHyIO MaTpHILy A/ MATPHUIbI

3 -1 0
A=|-2 1 1}
2 -1 4

Pewenue.
1. BrluucrnseM onpeaenuTeas MaTpuibl A:

3 -1 0
1 1 -2 1 -2 1
A=-2 1 1=3~‘ +1-‘ +O-‘ ‘=
‘ ‘ > _1 4 -1 4 2 4 2 -1

=3.[1-4-1-(-D]+1-[(-2)-4-1-2]+0-[(-2)- (- -1-2] =
=3.5+1-(-10)+0-0=5%0.

— marpuna 4 — nespipoxaennas 1 A cymecrsyer.

2. Berancnisiem anrebpandecKue TOTOTHEHHS Aij 3JIEMEHTOB MaTPHIIbL:

Anz(_l)m'—% 1‘25; = - _1 4‘ 4

A12=(—1)1+2.‘§ j‘_m; =( 1)2+2 ‘—12

A13:(_1)1+3 _g %:0; :( 1)2+1 ‘

Ay = (1) [ (1)“ Loy =(-1)" ‘ ‘ >

11

3anuchIBaeM MaTpPHUILy

~r ~
3. Matpuma A° , TpaHcOHMpoBaHHas K MaTpuie A , nmeer Bu:

4. BeruucnsgeM oOpaTHyro MaTpuiy 1o gpopmyne: 47! —

15 o4 -1
At ==10 12 -3|=]|2
500 1 1

5.  Ilposepsiem
A" d=4-47"

3-1+4(-1)-2+0-0
=| (-2)-1+1-2+1-0

2.14(=1)-2+4-0

(5 10 0
A=) 4 12 1|
1

-1 -3

A" =

IIPaBUJIBHOCTH

=F.

4

3-g+(—1)~
(—2).§+1.
2§+(—1)~

MaTpPHIIBI

5 4 -1
10 12 -3.
0 1 1
— . qT.
4
4 1
5 5
23
5 5
1 1
5 5
BBIYHCIIEHUST  OoOpaTHOH
4 1
5 5
23
5 5
1 1
5 5
12 1
—+0-— 3| - +\-1)| -
AR |
12 1 1
—+1-= =2) | —=|+1 | -=|+1
sors EH )
E+4-l 2-(— +(— )(—
5 5

n|—= n|l= |~




12 12 3 3

3-2+0 —— 40 -——+—-4+0
5 5 5 5
8 12 1 2 3 1 100

= -2+24+40 —-——4+—+- ———+— |=/0 1 0|=E

5 5 5 5 5 5 0 0 1
&8 12 4 2 3 4

2-240 ———+— ——+—+—
5.5 5 5.5 5

CHCL[OBaTeJ'II)HO, 06paTHa${ MaTpula BbIYUCJICHA TPABUIIBHO.

1.5. PemieHue HEBBIPOKIEHHBIX JTHHEHHBIX CHCTEM
MaTpuyHbIii crioco0 pemenus cuctembl. @opmyasl Kpamepa

Ilycth nana cucreMa n JMHEHHBIX ypaBHEHUH C /1 IEPEMEHHBIMH:

a, X, +a,,x, +..+a,x, =b,

Ay X, +apyXy ..t a, x, =b,,
a,x;, +a,x, +..+a,x,=b
wm B Matpuuanoif popme A+ X =B
Onpenenenne. Onpeenurens MaTpuisl A 0603HaYUM A U Ha30BEM on-

pedeﬂumeﬂeM cucmemul:

a4y a1y
A=detd=|%21 922 - 9y,
anl an2 ann

Onpene.ﬂel-me. Ecmu OMpeACIUTCIIb CUCTEMbI OTJIMYCH OT HYJIA, TO CUC-
TEMa HA3bIBACTCA HeGblpOOfCOeHHOlZ.

Haiinem pemenune nannoi cucteMs! ypaBHenuii B cmydae A # 0.
-1
VMHOKHUB 06¢ uacT ypaHerns A - X = B cnepa na marpuy A, mo-

Jyuum At 4 x=4" - B . Mockonbky A A=E u E- X=X,
10 X=4"-B.

Onpenenenne. OTbICKAHWE  pEIMIEHUS  CHCTEMBI 10  (opMmyIie

-1
X =A - B nassBaor mampuunsim cnoco6om pelIeHus CHCTEMEL.
Takum 06pa3om, UTOOBI PENIUTH CHCTEMY YPAaBHEHHi MATPUIHBIM CIIOCO-
060M, HY)KHO:

13

1. Haiitn 06paTHYI0 MaTpHILy A7
2. Haiitn mpousBeneHne oOpaTHON MaTpHIBI A" na MaTpHIy-cToJoer]

-1
cBoGoaHbIX wieHoB B, te. A - B.
3. TIonp3ysIch ONpeieeHHeM PaBHBIX MATPHII, 3aIIHCaTh OTBET.
Eciu B ompenenuTene CHCTEMBI A 3aMEHHTh NMOOYEPETHO CTONOILBI KO-

3¢ HUIIEHTOB MpH X15Xy 50 Xy HA cT0J10C1] CBOOOIHBIX YJICHOB, TO MOJIYYUM
n onpeaenuTeneit (s # HEU3BECTHBIX):

a

1 12 In aj b1 a,
A, = by ayp 4y, CAL =[%21 by Ayl
1 2=
b, a,, (79 a, b, a,,
a1 92 b,
A, = dy1 4y byl
4y 92 bﬂ
Torma momy4anM GOpPMYITBI ISl pEIIeHUs] CHCTEMBI 71 JIMHEHHBIX ypaBHe-
A A, Ay
HUH C n HEM3BECTHBIMH: X ST, Xy ST, Xy =
A A A
A;
Omnpenenenune. GopMynsl X ;ST L= 1,...,n uaseBaroTca gopmyna-
A

mu Kpamepa.

1.6. Pemienue cucrem JuHeliHbIX YpaBHeHuii MeTonom IMaycca

OpHuM 13 Hanbosee YHUBEPCATIBHBIX U 3((QEKTUBHBIX METOIOB PELICHUH
JMHEHHBIX anreOpanvdeckux CHUCTEM sBiseTcs memood laycca, cCOCTOSIMN B
I0CIIEA0BATEILHOM HCKITIOYEHUH HEM3BECTHBIX.

ITycTs nana cucteMa ypaBHEHUIL:

ay X+ appX, Fetag,x, = bl’
Ay X) + gy Xy +.tay X, = bz,



Iponece pemenuns no merony ['aycca COCTOUT U3 IBYX ITAIOB.

I atamn (npsamoii xo00).

C mOMOIIBIO AJIEMEHTAPHBIX MPEeoOpa30BaHMA CHCTEMa ypaBHEHUH TPH-
BOJIUTCS K PABHOCHIILHOM CHCTEME CTYIIEHYATOro (TPEyrojibHOT0) BHA:

Ay X+ apXy Fotap X, +ota)x, = bl’
UppXy ooty X, +ootay, X, = by,
A X, +.ota, x, —bk,

me k<n,a i #0,i=1,..., k. Kooppurmentsr a jj HA3BIBAIOTCS 21AGHBIMU

9JIEMEHTAMHU CHCTEMBI.

I aran (obpammusiii x00).

W3 cryneH4aToil CUCTEMBI MOCIICAOBATCIFHO, HAUUHAS C MMOCICAHUX (IO
HOMEpY) IEPEMEHHBIX, HAXOJSTCS BCE OCTAIBHBIC IEPEMEHHBIE.

CryneHdarasi cucteMa ypaBHEHUH, BOOOIIE TOBOPSI, IMEET OECUNCICHHOE
MHOYECTBO pelieHui. B nocneaneM ypaBHEHUU 3TON CUCTEMBI BBIpAXKaeM Iep-

BOC HCU3BCCTHOC xk 4Yepe3 OCTaJIbHbIC HCEU3BCCTHBLIC (X WX ) 3aTem
n

k+17"

IoACTABJIACM 3HAYCHUC Xk B IIPCAIIOCICAHES YPABHCHNUE CUCTEMBI U BbIpaxka-

eM X, | uepes (x ., X ); 3aTeM HaXOAUM X X, - IIpunasas cBo-
- n

k+17"

OOJTHBIM HEU3BECTHBIM ( X

DR
JaREREE ) MPOU3BOJILHBIC 3HAYCHUS, TIOTydnUM Oec-
n
YHCIIEHHOE MHOXKECTBO PELICHHH CHCTEMBI.
3ameuanne. Eciu crynendaras cucteMa OKa3bIBaeTCsl TPEYroJbHOM, T.€.

k =N, TO UCXOHas CUCTEMA MMEECT €AUHCTBCHHOC PCIICHUEC. J4 K] MOCJICOHETO

YPaBHCHUS HAXOAUM X , U3 IPCAIIOCICAHECTO YPABHCHUA X 1’ JaJICeC MMOOJHU-
n n—

MasChb 110 CUCTEME BBEPX, HaﬁﬂeM OCTaJIbHBIC HCU3BECTHLIC (x 9 xl )
n—

1.7. PenmieHne THNOBOTO 3a1aHUS

Ilpumep 1. Pemnts MaTpUIHBIM CIIOCOOOM CUCTEMY ypaBHEHUH
6x1 +Xy — 4x3 =5,
x; - 2x2 + 3x3 =6,
2x; +x, —x; =3.

Pewenue.

CocTaBUM MaTpUUHOE pELIeHUe AX =B e
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6 1 -4 Xy 5
A=|1 =2 3 > X = X2 > B=[6
2 1 -1 x4 3

roria X = A™' - B . Beraucinm 00paTHYI0 MaTpUILy A7

Haxonum
6 1 -4
=1 -2 3 =6-(—1)l+1_21 _31 +1-(—1)l+221 _? +
2 1 -1
£ (4 (D 72602 -3) - 1(-1-6) — 40 - (-4) = -19.
Bbruncimm anreGpandeckue J0nonHerus A snemMenTos Matpuitbl A:
: -2 3 . 1 -4 . 1 -4
All_ 1 _12_1; A21:—1 _1:—3’ A31__2 3‘— 5
i 13 ) 6 —4 \ 6 —4
A12_ ) 1:7; A22=2 _122; A32:—1 3‘:_22
; 1 -2 \ 6 1 . 6 1
A13=2 1=57 A23=_2 1=—4; A33=‘1 _22—13
-1 7 5
Cocraum  matpury | —3 2 —-4| wu TpaHcnoHHpyeM ee
-5 =22 -13
-1 -3 =5
7 2 =22
5 -4 -13
1 3 5
19 19 19
—1 7 2 22
3amuiem obparayio matpuity 4 @ =| - — —— —
19 19 19
5 4 13
19 19 19

CrneioBaresbHO,
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13 s

19 19 19
4 7 2 2|3 2
X=4 B=|-— -— = |]6]|=|1
19 19 193 2

5 4 13

19 19 19

Otser: X; =2, Xy =1, X3 =2.

Ilpumep 2. Pemntb cuctemy ypaBHeHui 1o gopmynam Kpamepa:
6x; —x, + x5 =5,
3x; + x5 = 3x; =10,

X -|-2x2 +x3 = -6.
Pewenue.
BBILH/ICHI/IM OHpe,I[eHI/ITeHL CUCTCMBI.
6 —1 1
ld =3 1 -3=6-(- 1)1+1 +( 1. (- 1)1+2 ‘§+
12
F1-(- 1)1+3 21‘=6(1—(—6))+1(3—(—3))+1(6—1)=53.
s —1 1
Ay=[10 1 -3=5.( 1)1+1 - ‘ +(=1)- (-2 10 ‘31‘+
6 2 1
+1-(-n'? _12 21‘ = 5(1 = (=6)) + 1(10 — 18) + 1(20 — (=6)) = 53.
6 5 1
3 10 =3 =6.(n" 12 - ‘ 5. (- 1)1+2 ‘?‘Jr
1 -6 1
F1-(- 1)1+3 12‘=6(10—18)—5(3—(—3))+1(—18—10)=—106.
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6 -1 5
Ay=|3 1 10/=6-(- 1)1+1 ‘ L (=1)- (- 1)1+2 _12 +
1 2 -6
1+3|13 1
+5 (=)0 1= 6(-6-20) +1(-18 ~10) + 5(6 ~ 1) = =159

[oncrasnss HaiiieHHBIE 3HaYeHUs1 onpenenuTeneld B Gopmynsr Kpame-
pa, ojry4yaeM UCKOMOE PEIIEHHE CUCTEMBI:

A 53 A, ~106 Ay —159
xlz—:—:l;xzz—z—: JXy =T ==
A 53 A 53 A 53

Orser: X =1, X, = 2, Xy =-3

Ilpumep 3. Pemmts cucreMy ypaBHeHuil metogoM ['aycca:

3x+2y—z=4,
2x—y+3z=9,
x—-2y+2z=3.

Pewenue.

IepecTaBuM TpeThe ypaBHCHHE Ha MECTO IIEPBOTO:
xX—=2y+2z=3,
2x—y+3z=9,
3x+2y—-z=4.

3anuieM paclIMPEeHHYI0 MAaTPHILY:

1 -2 23
2 -1 39|
3 2 -4

Yt00BI B 1-M CcTONOIE MONYIUTh dp; = a3; = 0, yMHOXHUM 1-10 CTpOKY
CHavJaja Ha 2, a 3aTeM Ha 3 ¥ BBIUTEM Pe3yJbTaThl U3 2-i U 3-i CTPOK:

1 -2 2/ 3
0 3 -1 3}
0 8 -7-5

YMHOXHUM 2-10 CTPOKY Ha §, a 3-10 CTPOKY YMHOXHM Ha 3, 3aTeM IOJTy-
YEHHBIE PE3YIbTaThl BBIYTEM U3 3-if CTPOKU 2-10 CTPOKY:

1 -2 2l 3
0 3 -1 3|
0 0 -13-39

3anuirem HOBYIO JKBHUBAJCHTHYIO CHUCTEMY, KOTOpOﬁ COOTBETCTBYCT
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pacuMpeHHas MaTpula:

3agaun Nel-30:

x-2y+2z=3,
3y—z=3,
-3z=-39.

BeIpazuMm nepeMeHHyI0 z U3 3-ro ypaBHEHHs, y — U3 2-TO ypaBHEHHS,
MEPEMEHHYIO X U3 |-Tr0 ypaBHEHUS:

1
=—3+3)=2,
v=1+3)

x=3-2-3+2-2=1.
OtBer: x=1,y=2,z=3.

PemuTe cucteMy TUHEHHBIX YpaBHEHHA TPeMsI CIIOCOOaMHU:

3x+y+z=6,
x+4y—-z=3,
4x -y +2z=".

2x+3y—-z=2,
X+5y+z=-4,
4x —y+3z=06.

-2x+y+z=-6,
x=3y+2z=8,
3x+2y—-z=6.

3x-2y+z=4,
-2x+y-3z=-1,
xX+2y+2z=5.

2x —y—3z=-3,

-5x+3y+2z=-4,

(x+4y+2z=1

a) mo ¢popmynam Kpamepa; 6) ¢ momMomsio 00paTHON MaTPHUIIGL;, B) METOJIOM
I'aycca.

Sx—y+3z=6,
2.92x+y+z=5,
x+3y—4z=3.

xX+2y+3z=-2,
4.93x—y+z=3,

2x+y—z=1.
3x—y+2z=-1,

6. {2x+3y—z=-4,
—4x+y-3z=0.
x+5y-2z=1,

8. 42x—y+3z=-2,
-2x+3y—-z=6.

-2x+y+3z=5,

10. yx—4y—z =6,
2x+2y—z=-5.

13.

15.

17.

19.

21.

23.

25.

27.

r5x—2y+z:4,
x+4y-2z=3,
2x—y+2z=6.

3x—y+4z =4,
2x+3y—z=-1,
—-x-2y+3z=".

—-x+2y+2z=2,
2x+y—3z=-6.

x—4y+z=-5
2x+y+2z=28,
-3x+2y—z=3.

3x-2y+z=-2,
-3x+y-2z=1,
x—2y+3z=-6.

4x+y-3z=-1,
x—-2y+z=6,
3x+y—-2z=-1.

x+5y—-z=35,
-2x+y+3z=-1,
2x+3y+z=-3.

2x-y+3z=4,
—2x+2y—z=3,
x+5y+z=6.

x+3y+4z=-4,
2x—y-=3z=1.

-3x+2y+z=-5,

—2x+3y+z=-1,

12.

14.

16.

18.

20.

22,

24.

26.

28.
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2x+2y+2z=6,

xX+2y+3z =1,
x+3y+6z=2.
x+3y—z=-4,
2x -2y +3z=3,
-x+2y—-3z=-2.
2x-y+z=8,
-2x+5y-z=0,
xX+y—-2z=-3.
2x—y—-z=1,
X+2y—z=-2,

-2x—y+3z=-1.

2x—y—-3z=-6,
x+5y+z=-1,
3x-y+z="T.

2x-3y+z=1,
3x+y+4z=-7,
—-x+3y+2z=-1.

4x —y+2z=-3,
x+3y+z=38,
-x+2y+3z=-1.

3x+2y—z=3,
2x —y—4z =4,
x+2y+z=1.
x=2y+5z=1,
-3x+y+2z=-1,
x—4y+3z=-7.



4x+y—-3z=-5, 3x—y+2z=5,
29. 92x -2y +z =10, 30. \—x+3y+z=-6,
x+2y+2z=-1. 2x+y+3z=0.

TEMA 2. AHAJINTUNYECKASA 'EOMETPHS HA IIVIOCKOCTH

2.1. KOOpMHATHI TOUKH HA MJI0CKOCTH
Ecin nanst ase oukn A(x;5y,) u B(X,3y,) Ha miockoctn, To pac-
cTosiue d MesKly HUMH OnpeiensieTcst o hopmysie:
2 2
d=(xy —x)7 +(ry =3

Koopaunatel Touku M, nexanieil Ha onHOM npsMoii ¢ Toukamu A u B u

AM

nensmeit orpesok AB B otHomenuu A = , OTIPEJEISIoTCS POpMyTamMHu:
_x1+/bc2 _y1+/1y2
X=——"ny=—"—"+-.
1+4 1+4
Ecmu touka M penut orpesok mononam, 1o A =1 u KoopauHaThI cepe-
JIUHBI OTPE3Ka HAXOMATCS 10 (hopmyram:

x|+ X, yty,
X=—"ny="—"""-—-".
2 2

Ilpumep 1. Boraucants amuny meauansl AD tpeyromsamka ABC, rne
A(3;-2), B(5; 2), C(—1; 4).

Pewenue.

Haiinem koopaunatsl Touku D 1o dpopmynam cepenunsl otpeska BC:

_xB+xC_5_1_ _yB+yc_2+4_
Xp = = =2,y D= = =3
2 2 2 2

BorurciuMm uiaHy Meauansl AD mo GpopMmysie paccTOSHUSA MEKIY ABYMS

TOYKAMH:

4] :\/(XA —x,)7 + (Y, =Y, =\/(3—2)2 +(=2-3)% =+/26.

Ilpumep 2. Tlokazats, 4TO TpeyronbHUK ¢ BepmmHamu A(3; —1), B(0; —4),
C(-3; 2) paBHOOEApCHHBII.
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Pewenue.
Haiinem niMHBI CTOPOH TPEYTOJIBHUKA:

|4B| = \/(0—3)2 +(4—(=1)2 =919 =18,
|ac| = \/(—3—3)2 + (2= (=1)% =36+ 9 = /45,
|Bq| = \/(—3—0)2 +(2—(-4))% =/9+36 = /45.

Tak kak |AC| = |BC| , TO TpeyronsHUK ABC — paBHOOCAPEHHBIH.

2.2. YpaBHeHus NpsAMOii Ha MJIOCKOCTH
1. O6uree ypaBHeHue npsaMoii. JIroboe ypaBHEHUE TIEPBOI CTETICHH OT-

HOCHUTCIIBHO X 1 )y B
Ax+By+C =0,

rae A, B, C — nocTosiHHbIE KOA(PPHUIIUSHTHI (A2 +B 2 # () ompenenser na
IUIOCKOCTH HEKOTOPYIO TPSAMY0. DTO ypaBHEHUE HA3BIBACTCS 0OWUM YpasHe-
HUeM npAmMou.

Hexomopuie uacmnoie cnyuau obuje2o ypasnenus npsimoll:

1. 4 =0, B#0; C#0. TIlpamas, omnpenensemas ypaBHEHHEM
By + C =0 napannensna ocu Ox.

2. B =0, A#0; C#0. TIlpamas, omnpenensemas ypaBHEHHEM
Ax + C = 0 napamnensna ocu Oy.

3. C =0, A#0; B#0. Ilpamas, onpeznensieMas ypaBHEHHEM
Ax + By =0, npoxoaur uepe3 Hauano KOOp/MHAT.

2. YpaBHeHHe NpsiMOii ¢ yriioBeiM Kodgduumnentom. Ecim B obmiem
ypaBHeHUH npsaMoii B # 0, To, pa3speninB ero OTHOCHTENLHO Y, TIOJy4UM YPaB-
HEHME BUTIA

yv=kx+b,
rae k = —A/B, b = —C/B. Ero Ha3bIBAIOT ypaeHeHuem npsamoll ¢ y2io8biM Ko-
appuyuenmom, nockoinbky k =1ga, rane & — yroj, o6pa3zoBaHHbIH NPAMOIA ¢
MOJIOXKHUTENBHBIM HanpasiieHreM ocu Ox. CBOGO IHBIN UieH ypaBHEeHUs b paBeH
OpIIMHATE TOYKH TIEPECEUEHHs NPAMOii ¢ ocbio Oy.

Eciu nipsiMasi IpOXO/MT Yepe3 Haualo koopauHatr, To b = 0 u, cnenosa-
TENIHO, YpAaBHEHHE TPAMOM C yrJIoBBIM KOd(dHIMEHTOM OYJIET UMETH BHJ

y=kx.
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3. YpaBuenue npsimoii B oTpe3kax. Eciu B o0mmem ypaBHEHHH MpsMoOi
C # 0, 10, pasnenus ero unens Ha (— C), MOIy4UM ypaBHEHHUE BUJIA:

Xy
—+==1,
a b
rne a = —C/A, b = —C/B. Ero HasblBaIOT ypasHenuem npsamoll 6 ompeskax;,

B HEM d SBISETCA abCIMCCOM TOYKM IepecedeHus mpsMoi ¢ oceio O,

a b — opnuHaTa TOUKM nepeceyeHus npamoii ¢ ocsro Oy. Tlostomy @ u b Hasbi-
BAaIOT OTPE3KaMH MPSAMON Ha OCSIX KOOPAWHAT.
4. YpaBHeHHe NPSIMOii, Mpoxoasilell Yepe3 JaHHYI0 TOUYKY B IaHHOM

Hanpasjenun. [1ycTs npsmas npoxoaut 4epes touky M (x ) u ee Ha-

0°Yo
NpaBIEHUE XapPaKTEPU3YETCs yriuoBbIM Kod(umuenToMm k. YpaBHeHHE 3TOM
IpsAMOii MOkHO 3amucath B Bune V = kx + b, rae b — noka HeusBecTHas Bey-

YHHa.

Tak kak mpsMas npoxoaut yepes touky M (x ), TO KOOpAMHATHI

0°Y0
TOYKH yJOBICTBOPSIOT —YPABHCHWIO —MPAMOH: Vg = /Cxo +b. Orciona
b= Yo~ /OCO. MoncTasnss 3Hauenue b B ypasuenue y = kx + b, nonyuum

HMCKOMOE YpaBHEHHE PAMOH y = kx + y — kx, T..

Y=Yy =k(x—x,).
Ha3bIBAEMOE TAKKE JPAGHEHUAMU NYYKA HPAMbIX C LEHTPOM B TOYKE
M(xy:50)-

5. YpaBHeHHe NPAMON, NPOXOAsAINeil Yepe3 ABe TOUKH. [IycTs mpsamas
npoxoant uepes toukn M, (x;3) n M, (x5;y,). Ypasuenne npsmoii,
npoxosmeit uepes rouxy M, umeer Bux:

Y=y =k(x—x)),
e k — noka HeM3BECTHBIN KO3 PUIIUEHT.

Tak kak npsiMasi IPOXOAUT yepe3 Touky M 5 (x2; y2), TO KOOPJIUHATHI

3TOH TOYKH JAOJDKHBI YIOBIETBOPATh YPABHEHHIO:
Vo =y =k(xy —x)).

Yo™N
X ™%

OTCI()L[a HaxoJum k: . HOZ[CTaBHHH HaﬁﬂeHHOG 3HAa4YCHUC k B ypaBHC-
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mue y =y = k(x _xl) , TIONly9HM YpasHeHue ApIMotl, NpoxXoosujel yepes
mouxu My n My:
Y-y X

o= XN
IIpennonaraercs, 4To B 3TOM ypaBHEHUU X * Xy W * Yy
Eciu x; = X,, To npsmas, npoxosias yepe3 touku M, u M,, napan-
JenbHa ocu opauHar. Ee ypaBHeHne uMeer BUI X = X|.

Eciu y| = y,, To mpsmasi, poxopsimias depe3 touka M| u M,, nmapan-
JenbHa ocu abcruce. Ee ypaBHeHue uMeer Bua Y = .

2.3. Ilpsimast InHKMA HA IVI0CKOCTH. OCHOBHBIE 3a1a4H

Yros Mexay AByMsI NPSIMBIMH U YCJIOBUS MApaJlJIeJIbHOCTH U TMep-
NEeHAUKYJISPHOCTH JABYX mNpsiMbIX. OcCTpblii  yron MexIy MOpsSMbIMH

y=kx+b uy= k2x + b2 ompejienseTcs o Gpopmysie:

k, -k
%aszJh
1+ klk2
YCHOBI/IG HapaJ'IJ'ICJ'II)HOCTI/I HpHMLIX HUMEECT BU kl - kz .
1
VYcnoBue nepneHANKYISIPHOCTH MPSMBIX UMEET BU/T kl =——.
k
2

2. PaccrosiHue OT TOYKH 10 psiMoid. Pacctosuue ot touku M(xo; Vo) 10
npamoit Ax + By + C = 0 maxoaurcs no popmyie:

~ ‘Axo + By, + C‘
Ja*+ B?
3. Hy'—IOK l'[pﬂMl)IX. ECJ'II/I NnepeceKarommecsa NpAMbIC 3a/laHbl YPABHCHUA-

yu Ax+By+C =0udx+B,y+C, =0, 10 ypasnenne
Ax+By+C + ax+By+C,)=0,

e A — YHACIOBOW MHOXHTENb, ONPENENIeT MPAMYIO JIHMHHIO, IPOXOISAIIYIO
yepe3 TOUKY IepecedeHus 3aJlaHHbIX IpsAMBIX. J[aBas B mocienHeM ypaBHEHHH
A pasnuuHble 3HaYeHMs, OyJeM MOJIyYaTh PA3IMUHbIE HPAMBIE, IPHHALIEKA-
LUE NYYKY NPAMbIX, HEHTP KOTOPOr'O €CTh TOUKA IePEeCeUCHUs MPSIMbIX.
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2.4. PelieHre THIIOBOI0 3a1aHUs

Hanbl BepmmHbl Tpeyronsauka ABC (puc.l): A(l; 1), B(5; 4), C(2; 6).

Haiitn: 1) muny croponst AC;

2) ypaBHEHHE CTOPOHBI AB;

3) ypasuenue Boicotsl CH,

4) ypaBHeHue meauansl AM,

5) Touxy NN nepeceuenns meauans AM n Beicotsr CH,

6) ypaBHEHHE MpsAMOH, mpoxojsiuei uepe3 Bepiiuny C mapasuiesibHO
cropone AB.

4

v

Pucynox 1 — Tpeyronsauk ABC B mnockoctu XOY
Pewenue.

1) Haiinem amuny croponst AC:

|AC|:J(xz —x )+ 0, -0 ) =J(2—l)2 +(6-1)% =26.

2) Haiinem ypaBHeHue cTopoHbl AB, ucnonssys Gpopmylly ypaBHEHHS
. . Y=y X=X
MpsSIMOM, TPOXONAIIEH Yepe3 IBE TOYKH: = . Nmeem:
Vo= X2 TH

-1 -1
YT AT 34+ 1=0.
4-1 5-1
3) Ypasuenue Boicotel CH cocTaBUM Kak ypaBHEHHE HPSIMOM, UMEIOIIEH
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yrioBoit kodpdurment k cpy M 1poxosieit yepes Touky C(xi; y1):

Yy=»n" IkCH(X—XI).

1
Tak xak CH 1 AB, 10 k cy =~ . Haiinem yrnosoit koodu-
kAB
ueHT npsimoit AB u3 ee ypaBuenus 3x — 4y + 1 =0.
3 N 1 o . 3 i 4
y =—Xx+—.Orciona =—,a =——,
4 4 By Ay

Vpasnenue Boicotel CH npumer Bup:
4
y—6=——(x—2) wm 4x+3y -26=0.
3

4) Memuana AM Beixoaut u3 touku A(1; 1) u no ceoiicTBam MeauaHbl
JEJIUT TPOTUBOJIEKALIYIO CTOPOHY MomosiaM, 3Hauut M — cepeanHa CTOPOHBI
BC. Haiigem koopaunatsl Touku M o ¢opmynam cepennnst otpeska BC:

_ xp+xc :5+2:

X, = 3,5,
M 2 2
ypty 4+6
Yy = B_7C _ =5 = M(@3.5; 5).
2 2
Haiinem ypaBHenme memuanbl AM, ncnonszys (GopMyily ypaBHEHHS
— yl X — xl

NnpsIMOll, MpoXoAdlled uepe3 JBE TOUKHU: = . Hmeem:

Yo= XX

y—1 x-1

= =4x-2,59-1,5=0wmwm 8x -5y -3 =0.
5-1 35-1

5) Yro6bl Haiitu Touky N nepeceuenns meauanbl AM u Boicotsr CH, He-
00XO0MMO PEIIHUTh CUCTEMY YPaBHEHHUIA:

8x—-5y-3=0, P 5
CIIMB OTY CUCTEM aBHCHHH, IIOJTYUUM TOYK
4x+3y-26=0. Y P Y Y
139 49
N| —;— |. dnuny BeicOTHI HalizieM Mo GpopMyJie paccTOSHUS OT TOUKH A
4411

1o mpsimoii BC. Jlyst atoro cocraBuM ypaBrenue npsmoii BC, ncnons3yst dhop-
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Myly YpaBHCHUA pr{MOﬁ, HpOXOZ[f{H.[eﬁ quepes JABC TOYKH:

Y-y X=X y—4 x-5
= , TOJTy4aeM =

Vo — ¥ Xy X 6-4 2-5

=2x+3y-22=0.

6) VpaBHeHue mpsamoil, mpoxopmsmeil depes Bepmuny C mapaiensHo

3
cropone AB o6osnaunm CK. Tax kak CK||AB, 10 ki =k 4 =—. Vpasne-
4

HHE TIPSMOii, MMelomeil YriaoBoi kodddurment K CcKk ¥ TpOXOsIIeH depes
Touxy C(x1; y1):
Y=y =kep(x—x)).

[onyyaem y — 6 = Z (x —2), torma ypasuenue npsmoii CK umeer
Bug 4y —3x—18=0.
3amaum Ne31-60:

Jlanbl KoOpAMHATE BepiuuH Tpeyronbanka ABC. Haiitu:

1) nmuny croponst AC;

2) ypaBHeHue cTopoHbl AB;

3) ypaBuenue Boicotsl CH;

4) ypaBHenue meauansl AM;

5) Touky N nepeceuennst meauanbl AM n Beicotsl CH;

6) ypaBHeHHE NpsAMOM, mpoxomsied depe3 BepmmHy C napamienbHO
cropone AB.

31. A(1;-3), B(0;7), C(-2;4) 46. A(1; 1), B(7;4), C(4;5)
32. A(7;0), B(1;4), C(-8; -4) 47. 4(2;0), B3;3), C(5;4)
33. A(0; 2), B(-7; -4), C(3;2) 48. A (3;-1), B(9;2), C(6:4)
34. AG3;-1), B(11;3), C(-6;2)  49. A (4;-2), B(10; 1), C(7;2)
35. A(-2;-3), B(0; 7), C(8;3) 50. A (0;2), B(6;5), C(3;6)

36. A(1;2), B(3; 12), C(11;8) 51. A(-1;3), B(5;6), C(2;7)
37. A(-4; -1), B(-2;9), C(6;5) 52. A(-2;4), B(4;7), C(1;8)
38. A(5;4), B(7; 11), C(15;10)  53. A (3;-3), B(9;0), C(6; 1)
39. A(-8;-3), B(4;-12), C(8;10) 54. A(-1;0), B(5;3), C(2;4)
40. A(1;0), B(13;-9), C(7;13)  55. A(-2;3), B(4;6), C(1;7)
41. A(1;-1), B(7;2), C(4;3) 56. 4 (5;-3), B(11;0), C(8; 3)
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42. 4(2;-2), BS; 1), C(5;2) 57. A(-4;6), B2;9), C(-1; 10)

43. A(1;0), B(7;3), C4;4) 58. A(1;3), B(7;6), C(4;7)
44. A(2;-1), B(8;2), C(5;3) 59. A4 (4; -1), B(10;2), C(7;3)
45. 4 (3;-2), B(; 1), C(6;2) 60. A4 (-2;2), B(4;5), C(1;6)

TEMA 3. 3JIEMEHTBI BEKTOPHOM AJITEBPBI

3.1. BeKTopbl, TUHeliHbIEe ONEPAlMH HAJl BEKTOPaMH
Onpenenenne. Bexmopom AB wasbiaeTcs HaNpaBJIeHHBIH OTPE3OK, IIE
A — HavyanbHAs, @ B — KOHEUHAas TOUYKH BEKTOpA.

= B
/
A

—_— — —

BeKTOpLI 0003HAYAIOT TAK:KE MAJILIMU JTATUHCKHUMU 6yKBaMI/I a , b ,C .

—_—

Onpenenenne. Mooy eexmopa AB — 510 nnmma ortpeska, m3o0Opa-

—_—

AB

JKAOIETO BEKTOP, 3allMCBIBAIOT

Onpenenenne. EounuunbiM BEKTOPOM Ha3bIBa€TCs BEKTOD, AJIMHA KOTO-
pOro paBHA €IMHULIE.

Onpenenenne. Bektop Ha3bIBAacTCS H)J1e€6biM, €CIIM HAYAIO W KOHEI] €T
coBnagaroT. HyneBoil BEKTOp HE HMEET OMPECIICHHOTO HANPABICHNUS W UMEET
JUTUHY, PaBHYIO HYJIIO.

Onpenesnenne. J[Ba BEKTOpa Ha3bIBAIOTCS PAGHLIMU, €CITH PABHBI HX MO-
JyJU ¥ COBNAJAIOT HAMPABICHHUS.

Onpenenenne. Bekropsl, nexamue Ha OAHOM NpsAMONW MM Ha Mapai-
JIENTBbHBIX MPSIMBIX, Ha3bIBAOT KOLIUHEAPHBIMU.

Onpenenenne. BekTopsl, IPOTUBONOJIOXKHO HANPABICHHBIE U UMEIOIUE
paBHBIE JUIMHBI, HAa3BIBAIOTCS NPOMUBONONONCHBIMU. BEKTOp, MPOTHUBOMOIOXK-

Hblil BeKTOpY @ , 0603Hauaercs (—a ).

Onpenenenne. Cymmoli IBYX BEKTOpoB ¢ U D HaspIBaeTcs BEKTOp

—_ —  — —

Cc =a +b , HA4aJI0 KOTOPOro COBIIAAACT C HAYaJIOM BEKTOpa d , a KOHEIL — C

J— —

KOHIIOM BEKTOpa b nopu yCJIOBUH, YTO Ha4YaJl0 BCKTOpa b COoBIIagacT ¢ KOH-

—_—

1IOM BeKTOopa  (IIPaBUJIO TPEYTOJILHUKOB).
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<

V

a a
-~ X

a

Jw
=\

—_—  —

Bektop cymmbl @ +b paBeH guaroHanu mapanienorpamma, ToCTpOeH-

—_ —

HOTO Ha BEKTOpax d M D Kak Ha CTOpPOHAX M BBIXOJSAUIMIA M3 MX OOIIEro Ha-
yaja (IIpaBuIIo Mapauieorpamma).

y

Onpenenenne. Pasnocmuio OByX BEKTOpoB d +b Ha3piBaeTcs BEKTOp

—_— —_—

d =a —b , xoTopslit B cymMmMe ¢ BekTopoM b naer BekTop @ . Hauano Bek-

E—

TOpa d COBIMAAacT ¢ KOHIIOM BBIYUTAEMOI'0 BEKTOpPA b , @ KOHCII — C KOHIIOM

—_— —_— —

YMCHBIIACMOI'0 BEKTOpa d . PasnocTh BEKTOpPOB d —b MOKHO paccMaTpu-

—_— —

Bath Kak cymmy BektopoB @ u (—b ).

12

/ ‘% %_'
a a > a
a =
= o}
~ b

b

=\

—_—

Onpenenenne. ITpoussedenuem BEKTOpa (I Ha UuCIo A Ha3BIBaeTCA

:W.‘a

Bektop b = Ada ¢ pmHO# paBHOi

u COHaHpaBHeHHLIﬁ C BCK-

—_—

Topom @ , ecmu A > 0, u ¢ HanpaBieHHEM NPOTUBOMONOKHEIM mpu A < 0 .

a4

JIuneiinrie Oorepanru HaJd BEKTOpaMu 06na,ua}oT CJICAYHOUMHU CBOICT-
BaMMu:
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—_ - - —

1°°a +b =b +a :

—_— —_ = = —

2° (a +l7)+c =a +(b +c )

(A +Ay)a =4 a +A, a e A, A, = const;

4°, l(;+;):ﬂ;+ﬂ;,rneﬂ:const.

—_—

Omnpenenenne. Opmom BEKTOpaM ( Ha3bIBAETCS COHAIPABJICHHBIN C

. - a
HUM CIUHUYHBIU BEKTOP aO =

a

Bcesxnii BEKTOp @ MOXKeT OBITh TIPE/ICTABIICH B BUIAE d = ‘a ‘-ao .

3.2. IIpoexuus BeKTOpa Ha ocb. TeopeMbl 0 MPOEKIUAX

Onpenenenune. [lpoexyueti 6ekmopa Ha OCb HA3BIBACTCS YHUCIO, PaBHOE
JUIMHE COCTABIIAIONICH, B3ITOC CO 3HAKOM ILTIOC, €CIM COCTABISIONIAs COHa-
MpaBJICHA C OCBIO M CO 3HAKOM MHHYC B IPOTUBHOM citydae (puc. 2):

np, AB =+A4,B, .

7
7
7

A, By [
Pucynox 2 — IIpoekuus BeKTOpa Ha OCh
Teopema 6. [Ipoekuus BeKTOpa Ha OCh paBHA MPOU3BECHUIO JUIMHBI BEK-
TOpa Ha KOCUHYC yIJla MEXJy BEKTOPOM H OCBIO:

np,a =|a|cosa.

—

TeopeMa 7. Ecin BCKTOPp a YMHOXHWTH Ha YUCJIO A , TO €ro MpOCKIUA
Ha OCb TAKKE€ YMHOXHUTCA Ha 3TO YUCJIO:

npl/la— =Anp,a .

Teopema 8. IIpoekiusi cymMmbl IByX BEKTOPOB Ha OCh paBHa CyMMeE Clia-
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ra€MbIX BEKTOPOB Ha TY K€ OCb:

npl(;+g):npl;+npll;.

Onpenenenne. Koopounamamu BEKTOpa d Ha3bIBAIOT €ro MPOCKINHU Ha

koopaunatueie ocu Ox, Oy, Oz. 3anuceiBalor a = (ax;ay;az) AITH

JE— —_ —_ — - - -

a =a,i + ayj +a,k — pasnoxcenue sexmopa no opram i, j,k xoop-

nuHaTHbIX oceit Ox, Oy, Oz.
Onpenenenne. Modyis BEKTOpa PaBeH KBAaIAPATHOMY KOPHIO U3 CyMMEI
KBAJ[PaToOB €T0 MPOEKIUH Ha OCH KOOPAUHAT

_[2 2 2
= ax+ay+az.

Onpenenenne. Hanpasnsarowumu KOCUHyCaMH BEKTOpa Ha3bIBAIOTCS KO-
CHHYCHI yTIIOB X, [3, ), 0OPa30BaHHBIX 3THM BEKTOPOM C OCAMH KOODIHHAT

Ox, Oy, Oz:

a

N

a a
‘j‘ ‘Ty , COSYy = ?Z , Ipr4eM

a
2 2
cos" a+cos” f+cos” y=1.

cosa = , cos =

[\S) N

3.3. I[eﬁCTBHﬂ HaJ{ BEKTOpaMHu, 3a/IJaHHBIMM CBOMMHU KOOPAHUHATAMMU

IMyctp JaHbI BEKTODBI a =a.i +a y jta.k u

b =byi +b,j+b.k:

1) ipu CrOKeHUH BEKTOPOB MX OTHOMMEHHBIE KOOPAWHATHI CKJIAIBIBAIOTCS

a +b :(ax +bx)i +(ay +by) j+(az +bz)k HITH
a+b = (ax +bx;ay +by;az +bz);

2) OpUu YMHOXKCHUHN BCKTOpAa Ha YHUCJIO BCC €0 KOOpAMHATBI YMHOXKAIOTCSA Ha
9TO YHUCIIO

da = /Iax;+/1ay}+/lazlz w A = (ﬂax;/lay;/laz),rae

A = const .

—_  —

Onpenenenne. [[a BekTopa @ U b Ha3BIBAIOTCA pasHbimi, €CIH BBI-
MIOJTHSIOTCS PAaBEHCTBA
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=b

Heob6xoauMpiM 1 JOCTATOYHBIM YCJIOBUEM KOJIIMHCAPHOCTH BCKTOPOB

—_ —

an b ABJIACTCA IMPONMOPIHUOHAIIBHOCTD UX KOOPJANHAT

a

X

o 4y =by, a, =b_.

a a a
x Y _ 2z _ 4 rtne A = const.
b, by b,
Ecnu usBectsl koopauHatel Hauana A(xy, y1, z1) v xouua B(xa, y», 22)

BCKTOpa AB , TO €0 KOOpANHATHBI OIMPCACIIAIOTCA
AB = (x2 — X3V, yl;zz—zl).

ﬂJ’II/IHy BCKTOpPA, 3aJaHHOI'0 KOOPpJAWHATAMHU Hadajla 1 KOHLA, BbIYHUCIIAIOT

o opmyie
‘E‘:J(xz _xl)z +(y2 _y1)2 +(Z2 _Zl)2

3.4. CxansipHoe npousBeeHne

Onpenenenne. Cranapuvim npoussedenuem @ b sextropos a u b na-
3BIBACTCS YMCIIO, pAaBHOE MMPOM3BEACHUIO UX JJIMH Ha KOCHHYC yTila MEXIy HH-
MHU:

;g:‘;‘.‘g‘~cos¢ wma b =

a

b =]

CpoiicTBa CKaJSIPHOTO MPON3Be/ICHHSA:

10. a - b = b a - HepeMGCTI/ITGHLHHﬁ 3aKOH;

P A _— — _— —

2°a -\b +c)=a -b +a -c - pacnpenenuTenbHblii 3aKOH;

3%, /1(61 -b )= (la )-b =qa - (ﬂb) — COYeTaTCIbHBIA 3aKOH, TIJie
A =const ;
40 CKaJISIpPHOC MPOU3BCJACHUC PABHO HYJIIO TOrZla U TOJIBKO TOTAa, KOr'’la BEKTO-

pel @ u b mnepnenauxynspue,Te. @ b =0 a L b ;
22
5°. cKamApHBIA KBaIPAT BEKTOPA PABEH KBAAPATy €r0 JUTHHBL: (= ‘a ‘

—_ —

Ilyctb  gaHel  1OBa  BEeKTOpa a =a,i +a y jta.k u
b=>b,i+ by J+b,k. To ceoiicream 4° u  5°  umeem
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i-j=i-k=j-k=05i-i=j-j=k-k=1.
CkansipHOE MPOU3BEACHUE NBYX BEKTOPOB PaBHO CyMME IPOM3BEICHHI
UX OJTHOMMEHHBIX KOOPIUHAT

a-b=ab, + ayby +a,b,
YCHOBI/IC HepHeH[[I/IKyHHpHOCTI/I [[ByX HeHyHeBI)IX BeKTOpOB Z u b .
a.b, + a, b +a,b, =0.

Kocunyc yrna MEKJ1y BEKTOPaMH ONPEIEIAETCS MO dhopmyie:
a-b a.b, + a, b +a,b,

e H ‘b‘ \/a +a +a \/b +b +b

[Ipoekuusi BekTopa ( Ha HampaBjieHHE, 3aJ]aHHOE BEKTOPOM b , BBbI-
qucIseTcs mo popmyse
— a-b ab + ayby +a,b,

WPy = = 2 2 2
b ‘b‘ \[bx +by + b3

3.5. BekTopHOe Npon3BeieHNe

— —

Onpenenenne. BekmopHvim npouséedenuem BeKTopa d Ha BEeKTop b

—

HA3bIBAIOT TAKOW BEKTOP C , KOTOPBIA CTPOUTCS IO CICAYIOUIEMY MpPaBUITY
(puc. 3):

1) BeKTOp C NepreHmUKyIApeH BektopaM d W b 1 HanpasieH Takum

06pa3oM, 9To KpaTUalIImii IOBOPOT OT @ K D BHIEH M3 €ro KOHIA COBEp-
IIAFONMCS TIPOTHB YaCOBON CTPEIKH;

—_  —

2) IMMHA BEKTOpa C paBHA MPOM3BEICHHUIO JUTHH BEKTOPOB @ U b Ha

a

-1b

c

CHUHYC yTIJja ¢7 MECKIAY HUMU: = . Sin ¢ .
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oy
[
]y
X
Sy

Sy

—

a

PucyHok 3 — Cxema BEKTOPHOTO TIPOU3BEICHHS

[ —

Bekroproe npoussesienue @ u b oboznauaercs a X b .

CBolicTBa BEKTOPHOI'0 NPOU3BEACHUS:

[ — —  —

0
1. a xb = —b X a (r.e. BekTOpHOE mpoM3BEACHUE HE 00NaaET Ie-
PEMECTUTEIBLHBIM CBOHCTBOM).

R — — —

2°a xb =0,ecma =0,m60 b =0, b0 a b (xomtuneap-
HOCTb HEHYJIEBBIX BeKTopOB)

—_— —

30, (/Ia )x b =a x (/Ib ) /1(; X I;), rme A = const (couera-

TEJIbHOE CBOMCTBO I10 OTHOIICHHIO K CKaJILIpHOMY MHO)KI/ITCJ'I}O).

4. a x (b +c )= a xb +a xc (pacupenenutensHOe CBOKCTBO).

Moyip BEeKTOPHOTO IPOU3BEICHHS IBYX HEKOJUTMHEAPHBIX BEKTOPOB

—

u b PaBCH IJIOMaAN NapajuiejJorpaMma, NoCTpOCHHOTO Ha 9TUX BEKTOPaXx.

—_ —  —

BexrtopHsble npou3BeeHUs KOOpL[I/IHaTHLIX OpTOB i,j.k

i xi =] xj= k ><k 0,
ixj:-jxi:k;jxk:—k)(] kxz:—ixkzj.
HYCTI) BCKTOPbI a nu b 3a1aHbl CBOUMU KOOpAUHATaMMu:

Z(ax;ay;az), b :(bx;by;bz). Torma BEKTOPHOE MPOU3BENCHUE

yno0Hee HaxOUuTh TI0 (opMyIie

~
=

N

i
a xb =la, a,
b

S Q
N
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3.6. CMmemanHOe IPOU3BeCHHE

Onpenenenne. Cyvewannbim npoussedenuem BeKTopos d , b u ¢ na-

[ — J—

3bIBACTCS CKAJAPHOC IPOU3BCACHUC BCKTOpaA a Xb Ha BCKTOp Cc , T..
(a xb)-c.

CMeriaHHoe MOPOU3BCACHUC TPEX BCKTOPOB a , b u C 10 MOAYIIIO
paBHO 06T)€My napajuiejienuicia, noCTpOCHHOI0 Ha 3TUX BEKTOpax.

CpolicTBa CMEINIAHHOTO IPOU3BEJCHUSI:

1°. CMemmanHOE pOM3BEICHHE TPEX BEKTOPOB PABHO HYITIO, ECIIH:
a) XOTb OJJMH U3 EPEMHOXKAEMBIX BEKTOPOB PABEH HYIIIO;
0) /1Ba U3 TIEPEMHOKAEMBIX BEKTOPOB KOJUTMHEAPHBI;
B) TPH HEHYJEBBIX BEKTOPA Mapayie]bHBI OJHOW M TOH K€ INIOCKOCTH (KOM-
TJTAaHAPHOCTB ).

2°. CMermanHOe MPOM3BEICHHE HE H3MEHSETCS, CCIIH B HEM TOMEHATh
MeCTaMHM 3HaKM BEKTOPDHOrO (X) © cKamsipHoro () YMHOXEHHs, T.e.

— N — —

(a xb)-c =a (b xc).B cuny 3Toro cpoifcTBa cMelIaHHOE MPOU3BE-

—_— — — — = -

JIeHYe BeKTOpoB & , b w ¢ Gynem 3amiceBats B Buae d b ¢ .
3°. CMermanHOe MpoOM3BECHNE HE M3MEHSETCS, ECITH TepEeCTaBIsTh Iepe-
MHOKaeMbIe BEKTOPHI B KPYTOBOM TIOPSIKE:

abc=bca=cab.
4°. TIpu mepecTaHoBKe JIOOBIX ABYX BEKTOPOB CMEIIAHHOE IPOM3BEICHHE
N3MCHICT TOJBKO 3HAK:

bac=—-abc;cba=—-abc;acb=—abc.

—_— — —

Ilycts BekTOopsl d ,b W ¢  3amaHBl CBOMMH  KOODIMHATAMM:

a =(ax;ay;az), b =(bx;by;bz), c :(Cx;Cy;CZ).TOF,HaCMGHIaH-

HOC€ MNpPOU3BEACHUE b C PaBHO OHOPEACIUTEIH TPETHETO MOpsJaKa, COCTaB-

—_ = —

JICHHOMY U3 KOOpJAHWHAT BEKTOPOB ,b uc

a a a

L X y z
abc=\b, by b,
Ce €y C;

W3 cBOIiCTB CMEIIaHHOTO TPOM3BEICHHUS TPEX BEKTOPOB BHITEKACT Clie-
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Jyrolee:
1) He0OXOUMBIM U TIOCTATOYHBIM YCJIOBHEM KOMIUTAHAPHOCTH TPEX BEK-

TopoB ciyxur yciosue a bc=0;

2) 06beM V| mapannesnenuena, MOCTPOSHHOTo Ha BekTopax d ,b u ¢
u o0beM V), 00pa3oBaHHOM MMH TPEYroJbHOW MUpPaMHUIbI HaXOIATCS 1Mo (op-
MyJIam:

— 1 1
V. z‘abc‘, V, =—V. :—‘abc
1 2 6 1 6

3.7. PemieHue THIOBOIO 3aJaHus

Janel  koopaumHaThl  BepmuH — mupamunel ABCD  (puc.  4):
A (1; 4; 3) ,B (2; 3; 1) , C(—2; I; 3) ,D (0; 1;2) . Boruucnuts:
1) 00ObeM IHpamMuIBL;
2) nuny pebpa AB ;
3) mromas rpann ABC ;
4) yron Mexay pebpavu ABu AD .

AZ
C
|
3 !
! ,
21 e 4
|
|
! X
N/
1/ To 1 2% 3 4 %

X

Pucynox 4 — INupamuna ABCD B npoctpancTse XYZ

Pewenue:
1) O06beM TTHPAMHUIBI BBIYHCIISETCS 1o dhopmyite:
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:—‘AB AC- AD‘

—_—

Haiinem BexTOpHI AB , AC u AD, coBnapatomue ¢ peOpamMu nupamu-

JbI, CXOOAIMUMHCS B BEPIINHE AI
AB=i — j—2k, AC=-3i =3j, AD=—i -3j—k.

Haxonnm cMmenranHoe MMPOU3BCIACHUC DTUX BEKTOPOB!:

|1 -1 =2
AB-AC-AD=1-3 -3 o0ol=1"3 9443 0‘ 2‘_3 _3‘:
-3 -7 -1 -1 71 -3
-1 -3 -1
=3+3+-12=-6.

Tak xak oObeM mupamuIpl paBeH 1/6 o0bema Mapajiesienunena, mo-

—_— — 1
crpoennoro Ha Bektopax AB, AC n AD ,10 V = g‘— 6‘ =1 (xy6. en.).

2. InuHa pebpa Beraucisercs no gpopmyne: AB = ‘AE ‘ =

[4B|= 1 +(-1) +(-2) = V6.

3. Hnomam) TPEYTroJbHUKa ABC paBHa MOJIOBUHC ILJIOLIAAU Iapaljiesio-

rpamma, noctpoernoro Ha Bektopax AB u AC , mosToMy HaxomUM BEKTOp-

HOC MPOU3BEACHUEC DTUX BEKTOPOB!

- i j k _ _
_ o -1 -2 |1 -2 1 -1
ABxAC—_31 _; 8_1 3 0‘ ]‘_3 o k|3 _3‘_

=—6i + 6 j — 6k . CnenosatensHo,

e
SABCZE‘ABXAC‘:E 36+36 +36 =333 (n. cn).

4. Vron mexnay pebpamu ABwu AD Bbluucnsercs mo dopmyie:

Z(AE Al_)) —arccos@:
S |4B|-|4D|
5AD) —arceas LEDHED-(R)H(2)() g
L(AB,AD)—arccos \/EJH —arccos\/%.
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3amaum Ne61-90:

Jaus koopmuHathl Bepiuns mupamuasl ABCD . Berancints: 1) 06bem
TUPaMUIEbI;

2) mmny pebpa AB ;

3) mromans rpann ABC ;

4) yron mexay pebpavu AB u AD .
KoopauHaThl BEPUIMH MUPAMHIBI I COOTBETCTBYIOIINX HOMEPOB 3a-
Jiay crIeyIomue:

61. A(L:1:1), B(~1:2:4),C(2:0:6),D(-2:5:-1).

62. A(0;5,0),B(2;3-4),C(0;06),D(-3:1;-1).

63. A(0;0; 6) B(4;0;-4),C(1;%-1),D(4;-1,-3).
-1),B(6;-5;2),C(6;5;1),D(0;0;2).

65. A(2;— ) B(3;2;-5),C(5;,-3;-2),D(-5;3;-2).
6:0:4),B(0:6:4),C(4:6:0), D (0:6:4).
3:2:4), B(2:4:3),C(4:3:-2), D(~4:-2;-3).
6:3; 5) B(5:-6:3).C(3:5:6),D(~6;—1:2).

69. A(5:-2:-1),B(4:0;0),C(2:51),D(1;2:5).

70. A(4:2; 5) B(3,0:4),C(0;2:3),D(5:-2:-4).

A(
(
(=5
(
(
(
(
(
(
7. A(4:2:5),B(~3;0;4),C(0;2:3),D(5:2:—4).
(
(
(
(
(
(
(
(

64. A

66. A
67. A
68. A

72. A(4,4;10),B(7;10;2),C(2;8;4),D(9;6;9).
73. A(4,6;5),B(6,9;4),C(2;10;10),D(7;5;9).
74. A(3;5;4),B(8;7;4),C(5,10;3),D(4;7;8).
75. A(10;6;5), B(~2;8;4),C(6:8;9),D(7;10;3).
76. A(1;8;2),B(5,2;6),C(5,7:4),D(410;9).
77. A(6;6;5),B(4;9;5),C(4;6;11),D(5;9;3).
78. A(7;2;2),B

79. A(8;6;4),B

(5,7:7),C(5:31),D(2:3;7).
(10;5;5),C(5;6;8), D(8;10;~7).
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80. 4(7,7;3),B(6;58),C(3;6;7),D(8;4;1).

81. A(4;0;0),B(-2;1;2),C(1;3;2),D(3;2;7).

82. A(-2:1;2),B(4:0:1),C(3:2:7),D(1;3:2).

83. A(1;3;2),B(32;7),C(4:0;1),D(-2;1;-2).
84. A(3;2;7),B(1;3;2),C(-2;1;3),D(4;-2;3).
85. A(3:1:-2),B(1;-2:1),C(~2:1;0),D(2:2:5).
86. A(1:-2:1),B(3:1:-2),C(2:2:5),D(~2:1;0).
87. A(=3:2:1),B(~2:1;0),C(1:=2:1),D(3:1;2).
8. A(1;-2:1),B(31:-2),C(2:2:5),D(~2:1:0).
89. A(— 312),3( “2;1;1),C(1;-2;3), D(3:2:1).
90. A(2:-1:1),B(2:2:5),C(3:2:1),D(L-2:1).

TEMA 4. ®YHKIIAW. TPEJEJIbI. HEHPEPBIBHOCTDH ®YHKIITAM
4.1. ®ynkuusa. OcCHOBHbIE MOHATHS

Onpeodenenue. Ilyctb nanbl ABa HenmycThIX MHOXecTBa X U Y. Ecnu kax-
JIOMY 3JIEMEHTY X W3 MHOXKecTBa X IO OIpPEICIICHHOMY TPAaBHIIy CTAaBUTCS B
COOTBETCTBHUE OJIMH U TOJILKO OJIMH BJIEMEHT ¥ U3 Y, TO TOBOPSAT, YTO HA MHOXKE-
ctBe X 3a1aHa @yrxyus (WM omobpadiceHue) o MHOKECTBOM 3HAYCHUH Y.

DTO MOXHO 3aIMcaTh TaK: X € X,XL)Y wm f:X Y, rae

MHOXKecTBO X Ha3bIBacTCs obaacmvio onpedenenus Gyakuuun (D(f)), a MHOXKE-
CTBO Y, cocrosiiee u3 Bcex umcen Buma y = f(X), —MHOdMCeCmeom 3HaueHull

dynxunn (E(f)).

Onpeoenenue. I'pagurxom ¢ynkyuu y= f(x) Ha3BIBaCTCSI MHOXECTBO
Touek M (x,y) mockoctd Oxy , KOOPIUHATBHI KOTOPBIX YIOBJIETBOPSIOT
(O YHKITMOHATILHOM 3aBUCHUMOCTH ) = f(X).

Onpeoenenue.

1. OyHKIUsA Ha3BIBACTCS YemHOU, €CIIA MHOXECTBO D(f) CUMMETpUIHO
OTHOCHTENIFHO HYJIs W aius soboro x € D(f) crnpaBeaanBo paBEeHCTBO
f(=x)= f(x). T'padpux "erHoW (YHKIMH CHMMETPHUEH OTHOCHUTEIHHO OCH
Oy.
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2. OyHKIUS HA3BIBACTCS HEYemHOl, €CIIA MHOKECTBO D(f) CHMMETPHYHO
OTHOCHTENIFHO HYIsI W g moboro x € D(f) chpaBemimBO paBEHCTBO

f(=x)=—f(x). I'padpux HeuyeTHOH (YHKIMH CHUMMETPHYEH OTHOCHUTEIHHO

Havaja KOOpAWHAT.
DyHKIMS, HE SBIAIOMIAACS HA YETHOH, HM HEUETHOM, Ha3bIBAeTCS (PyHK-
e 00IIero BUAA.
Onpeodenenue. Oyuxmms y = f(x) Ha3BIBaeTCAd NEPHOAMYECKOH, €CIIH

cymectByer uncio T # 0, uro ayst qro6oro x € D(f) cnpaBeavBbI yCIOBUS:

Dx+TeD(f),x-TeD(f),

2) f(x+T) = f(x).

Yucno T waswiBaetcst nepuodom Gpynkimu y = f(x).

Onpeoenenue. Ecim ¢ynkuust u = @(x) onpenenena Ha obnactu D,
G — ee obmactp 3HaueHHH, pyHKIUSA y = f(1) ompenenena Ha obnactu G, TO
¢ynkuus Y = f(@(x)) = F(x) HasbBaeTcs crodcHou @ynxyuei. DyHKIHIO
v = f(p(x)) Ha3BIBAIOT KoMno3uyuel 08yx gyuxkyuti y = f(u) u u = ¢(x).

Crnoxnast QYHKIUS MOXET OBbITh KOMIO3HIMEH OoblIero yuciaa QyHK-
LM TpeX, YeTblpex u T.1. Hanpumep, dynkius y = cos(x2 +1) — KOMIO3ULUA
IBYX QYHKIMA Y =COSU U u = (x2 +1); dynkuus y = lg(sin2¥) — komnosu-
uust Tpex QyHKuui y = lgu, u =sinv, v=2".

K OCHOBHBIM 3JI€MEHTapHBIM (PYHKIIUSIM OTHOCSTCS:

1) creneHHas QyHKuMA Y = x% ., rne aeR;

2) noka3zarenbHast QyHKIUS Y = ax, rne a>0, a#1;

3) norapudmuueckas pyukuus y = log, x ,rne a >0, a #1;

4) TpuronomeTpuueckue GpyHKIMU: ¥ = Sin X,y = COSX, Yy = 1gx, V = Clgx;
5) obOpaTHbIe TPUTOHOMETPUIECKHE byHkuu: y = arcsin x,
Yy =arccosx, y = arcigx, y = arcctgx.

Onpeodenenue. Oynxius f(x) Ha3piBaeTcsl HeyOBIBaromew (HeBo3pac-
Taromeif) Ha MHOXxecTBe X < D(f), ecnu ansd moObIX 3HAUSHU xj,x, € X
TaKUX, 4YT0 X| < X,, CHpaBeanuBo HepaBeHCTBO f(x;)< f(x,) (coorBerct-
BeHHO, f(x1) 2 f(x;)).

Onpeodenenue. Oyuknus f(x) Ha3bpIBaETCS MOHOMOHHOU, €CIIH OHA HE-

BO3pacTarolias Wi HeyObIBAIOIIAS.
Onpeodenenue. Oynkuus f(x) HaswpiBaeTCs gospacmaroweil (yovieaio-
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weii) Ha MHOXecTBe X < D(f), ecau and moObIX 3HaYCHUH xi,x, € X Ta-
KHX, 9TO X < Xp, CHpPaBeIINBO HEpaBeHCTBO f(x;) < f(x,) (COOTBETCTBEH-
HO, f(x)> f(x2)).

Onpeodenenue. Oyuxms f(x) Ha3BIBACTCA CMpPO20 MOHOMOHHOU, €CIA
OHa BO3PACTAOIIAs WK yOBIBAIOIIAS.

4.2. IMocaenoBaTeJbHOCTD. Hpeneﬂ mocjIea0BaTECJdbHOCTH

Onpeodenenue. Ecnu 10 HEKOTOPOMY 3aKOHY KaXIOMY HATypaJbHOMY
YUCITy 71 IOCTAaBIECHO B COOTBETCTBHE BIIOJIHE ONpPEIENIEHHOE YUCIO d,, , TO IO-
BOPSIT, UTO 3a/1aHa YUCI08a5A NOCIE008aMeNbHOCMb {d,, } :

A1, A0y e s Apyyeen s
Yucna ay, a,, ..., a, Ha3bIBAIOTCS WIEHAMH MOCIEAOBATEIHLHOCTH, a YUCIO 4,

— O0IIUM YJICHOM TOCJIEI0BATEIIEHOCTH.
Onpeodenenue. Uncno a Ha3BIBACTCA NpedesoM UYUCLOB0U NOCAe008a-
menvHocmu {a,}, eclu IJis JI000ro, Hake CKOJIb YTOZHO MAajoro IHOJIOXKH-

TenpHOro uncna & >0, naiinercs takoit Homep N = N(&), 94To i BCeX ujie-
HOB TIOCJIEIOBATEILHOCTH ¢ HOMepaMu 71 > N BEpPHO HEPaBEHCTBO
la, —d|<é.

O6osnauaercs lim a, =a.
n—0

IMocnenoBarebHOCTh, MMEIOIAs TMPEJESI, HA3bIBACTCA CX00sAuelcs, B
MPOTUBHO CIIY4ae — pacxooaueics.

Onpeodenenue. IlocnenoBaTenabHOCTh {a,} Ha3bIBACTCS OeCKOHEUHO Ma-
JI0U, €CITU JIsL JII0O0TO CKOJIb YTOJHO MAJIOro MOJIOKHUTENLHOTO YHCIIA £ MOXK-
HO moa00paTh Takoi HOMep N, YTO, HAYMHASL C ITOrO0 HOMepa (T.e. JJISl BCEeX
n> N ), OymeT BBIIIOJHEHO HEPABEHCTBO

|or,| < €.
O06o3nauaercs: 6.:. {a, } .

Onpeoenenue.

1. ITocnenoBarenbHOCT {a,,} HA3BIBACTCS MOJOKUTEIBHOW OCCKOHEYHO
GOJIBIIION, eciIH IS TF0OOTO CKOJIb YTOAHO OONBIIOTO YKcia M HaleTes Tako
HOMep N, 4TO JUIs BCEX 1, HAUMHASI C 3TOT0 HOMEPA, BBIIOJIHAETCS HEPABEHCTBO
a, >M.

Oo6o3Hauaercs lim a,, = +o.
n—>»0

2. IlocnenoBaTenbHOCTh {a,} Ha3bIBACTCSA OTPHLATEIHLHOW OECKOHEYHO
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0OJBIION, €CITU IS JIFOOOTO CKOJIb YTOJHO OOJBIIOTO O MOIYIIIO OTPHUIIATEINb-
HOro ynciia M HailaeTcs: Takol Homep NV, 4TO AJisl BCeX 1, HaYWHas C 3TOTO HO-
Mepa, BBIIIOJHAETCS HEPABEHCTBO a, < M.

O6o3Hauaercs lim a,, = —o.
n—>0

INocnenoBatenbHOCTE {d,,} , Bce WICHBI KOTOPOH OTIMYHBI OT HYJL, - Oec-
KOHEYHO Majasi Torga M TOJNBKO TOrJa, KOrja TOCJeI0BaTEIbHOCTh

1
— + —0EeCKOHEYHO 0O0JIbIIAs.

oy

Kpowme Toro, mosesHo UMeTh B BHY CISYOLICe:
. . . a
1. Tlycrs lim a, =a, lim b, =+oo. Torga lim —-=0.
n—0 n—»0 n—>a0 n

2. Mycts  lim @, = a,(B ToM uucne d=+0), a>0 (COOTBETCTBEHHO,
n—0

. . a
a<0, B Tom ancne a=-w), limb, =0,b, >0Vn. Torma lim —-=+ow
n—x0 n—>0 n

. a,
(cootBercTBeHHO, lim —— = —).
n—>0 n

4.3.I1penen pyHkuuu

Onpeodenenue. OKPECTHOCTHIO TOYKH @ HA3BIBACTCS JIIOOOW MHTEpBAI C
LIEHTPOM B TOYKE @ .
Onpeodenenue. Yucno A naswiBaercs npedenom GyHkumu f{x) npu x —>a,

ecmn s moboro £>0 wmaiimercs O >0 Takoe, uTO | f(x) —A| <& mpu
0< |x - a| <0.
310 3anuchIBaOT Tak: lim f(x)=4.
Xx—a
IIpakTHYecKOe BBIYMCIACHHE IIPEACIOB OCHOBBIBACTCS HA CJICIYFOIIUX
CBOMCTBAX.

Ecmu cymectByror lim f(x) u lim g(x) , o
xX—a x—a

D) lim [f(x) £g(x)]= lim f(x)* lim g(x);

xX—a

2) lim [/(x)-g(x)] = lim /(x)- lim g(x);

xX—a
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o) lim f(x)

3) lim=—==224_ (pu lim g(x)#0).
x—a g(x) lim g(x) x—a
xX—>a

Onpeodenenue.
1. Yucno A HaseiBaetcs npedenom Gynxyuu f(X) npu X —>+00, ecnu s
moboro uncna & >0 Haiimercs takoe unciao M >0, 4To 1A BCeX 3HAYECHUH

X > M BBINOJIHACTCS HEPABEHCTBO | f(x)- A| <¢.
Ob6o3navaetrcs: lim  f(x) = A.
X—>+0
2. Yucno A naswiBaercs npedenom ¢ynxyuu fX) npu x — —oo , ecnu ans

moboro uncna & >0 Haiipercs takoe unciao M >0, 4To 1A BCeX 3HAYECHUM

X > M BBINONHSETCS HEPABEHCTBO | f (x) - A| <eg.
Ob6o3navaetrcs: lim  f(x) = A.
X—>—0

Onpeoenenue.
1. Tycte Qynkuus f{x) onpesenena B NpaBoil MOJIyOKPECTHOCTH TOUKH d,
T.€. Ha HeKOTOpoM mHTepBane (a,a + &), rae 6 > 0. Torma TOBOPAT, 4TO YHC-

10 A uasweiBaetcs npedenom gynxyuu f(X) cnpasa B T0UKe d (WM npasocmo-
POHHUM npedenom), ECIH Ul 000K MOCIen0BaTENbHOCTH {a,,} , CXOISIICHCS

K 0 ¥ TaKOH, 4TO BCE €€ WICHBI OOJIbIIIE, YeM ¢, COOTBETCTBYIOLIAsK I1OCIIEI0Ba-
TeNbHOCTH 3HadeHni GyHkiuu {f(a,)} cxomurcs K uuciy A.

Ob6o3navaercs: lim _ f(x) = 4.
x—>a+0

2. Tycts Qpynkuus f{x) onpeneneHa B JIEBOH MOJTyOKPECTHOCTH TOUKH d,
T.€. Ha HEKOTOpoM mHTepBane (¢ — J,a), rae 6 > 0. Torma TOBOPAT, Y4TO YHC-

10 A HaswiBaeTcs npedenom gynuryuu f(x) cresa B Touke @ (WK 1€60CMOPOH-
HUM npedeiom), I JUIs N000H MOoCIe0BaTeIbHOCTH {d,, } , CXOAAIIEHCS K a

U TaKoii, 4TO BCE €€ WICHbI MEHBILE, YeM d, COOTBETCTBYIOIIAS ITOCIIEI0BATENb-
HOCTb 3HaueHHH QyHKuMK {f(a,)} cxomures k unciy A.

Ob6o3navaercsa: lim  f(x) = 4.
x—>a—0
Ouesunno, uto lim f'(x) cyuwecrByer B TOM U TOJNBKO B TOM Cilydae,
x—>a

KOT/Ia CYLIECTBYIOT M OJHOCTOpOHHKE nperensl lim f(x) m lim f(x),
x—>a+0 x—a—0

MPUYEM BCE TPH YHUCIIA PABHBI, T.C.
lim f(x)= lim f(x)= lim f(x).
x—a x—a+0 x—>a—0
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3ameuamenvuole npedenbl.
Tlepsblil 3ameuamenvuviil npeoern:
. sinx
lim =1.
x—0 x

Bmopoii sameyamenvhuiil npeden:
X
lim| 1+— | =e.

X—>0 X

4.4. HenpepbIBHOCTh GyHKIUH

Onpedenenue. Oyuxuus y = f(X) Ha3bIBAETCS HenpepuléHOU IPU X = d
(B TOUKE @), €CIIH:

1) pynxuus f(x) ompeneneHa B TOUKE d U €€ OKPECTHOCTH;

2) cymecTBYeT KOHeuHbId npenen Gpyukuuu f(X) B TOUKE @;

3) 9TOT Ipezen paBeH 3HauYeHHIO (QYHKIMH B TOUYKE d, T.C.
lim f(x) = f(a).
xX—>a

Onpeoenenue. OyHKINA, HETPEPHIBHAS BO BCEX TOYKAaxX HEKOTOPOH 00-
JIACTH, HA3BIBACTCS HENPepbl8HOLL 8 IMOU 0O1aCcmU.

Onpeoenenue. Touka a, B KOTOPOH HAPYIICHO XOTs OBI OJHO U3 TPEX yC-
JIOBUH HETIPEPBIBHOCTU (PYHKIIUH, HA3BIBACTCS MOYKOU PA3PbIEA PYHKYUU.

Ecin B TOYKE @ CYIIECTBYIOT KOHEYHBIC MPEICIbI lim0 f(x) u
x—>a+

lim f(x),rakueuro lim f(x)# lim f(x), ro a nasbiBactcs mou-
x—a—0 x—a+0 x—a-0

Kol paspuvléa nepeoco pooa. Ecim B Touke a cymiecTByeT KOHEUHBIH Ipenes

lim f(x), a f(a) ne onpeneneno wmw lim f(x) # f(a), To 3Ta TouKa Ha-
x—a x—a

3BIBACTCSA MOUKOU YCMPAHUMo20 paspuléd. TOUKHM pa3pbeiBa MEPBOTO pona
(yHKINH, HEe ABJSIOMIAECS TOYKAMH YCTPAHIMOTO Pa3pbiBa, HA3BIBAIOTCA MOU-

Kamu cKayka 3TOH ¢byHKIHH, npu 3TOM BEJIMYIHA
Af(a)= lim f(x) — lim f(x) Ha3BIBaecTCSA CKAUKOM (PYHKYUU B TOUKE d.
x—a+0 x—a—0

Ecmu xots Ov1 ouH U3 mpenenoB  lim f(x) u lim f(x) He cymect-
x—>a+0 x—>a—0

BYeT WJIM PaBeH OCCKOHEYHOCTH, TO TOUKY @ HA3bIBAIOT MOUKOU PA3pbléad mo-
po2o pooa.
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4.5. Permienne THIOBOIO 3aaHUS

o sxt +13x+ 6
Ipumep 1. Haiitn Ilm —————

_ 2
X2 357 4 2x — 8
Pewenue. Tax Kak npenensl YUCIUTENS W 3HAMEHATENS npu X —> 2

0

PpaBHbI HYJIIO, TO Mbl UMECM HCOIPCACICHHOCTL BUAA 3\ ~ (. ((PaCKpOGM)) Ty

HEONPEETECHHOCTh, PA3NIOKKUB YHCIUTENL W 3HAMEHATENh Ha MHOXKHUTEIH U
COKpATHB MX Jiajiee Ha OOIMHA MHOKUTEND (X+2):

C5x2 4 13x+ 6 S(x +2)(x +0,6) . S5x+3
11m2— = lim = lim =
2337 4 2x—8  23(x+2)(x—4/3) 23x-4
C5(-2)+3 -7

= =0,7.
3-(-2)-4 -10
o 12x" 4 5x
ITlpumep 2. Haiitn 11m—4 .
e _4x +7

Pewenue. TloncraHoBKa NPEACILHOIO 3HAYCHUS apTyMEHTa IIPUBOAUT K
HEONPECACICHHOCTH BUAA e} /OO . Tak kak o a4 3HAKOM IIpe€acia CTOUT OTHOIIC-
HUEC ABYX MHOT'OYJICHOB, TO PA3JACIMM YHUCIIUTCIIb U 3HAMCHATCIIb HA CTApIIYyIO

4
CTCIICHb apryMEHTa, T.C. Ha xX.B PE3YyIbTATC MOJTYUUM
4 3
12x +5x . 12+5/x -12+0
lim ———— =1lim =0
X0 _ X—0 4 — 4+
4x +7 —4+7/x

3 4
TIOCKONBKY TIpH X —> o0 QYHKIHH 5/X” 1 7/X " ABIAr0OTCS 6ECKOHEUHO MAIBIMU
Vx—-8-3

x—1

Ipumep 3. Haiitu lim
x—1

0

Pewenue. 3,H€CI) MBI TaKXKC UMCEM HCONPECACICHHOCTb BUAA Y\

0

I[OMHO)KI/IM YUCJIUTCIIb U 3HAMCHATCJIIb ,Hp06I/I Ha BbIPAKCHUEC, COIPA-
JKCHHOC K YHCJIIHUTCIIO:
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CoVx+8-3 (x4 8-x+8+43) . (fx+8) -
lim— = lim = lim

= ol (x—1)(M+3)
(x+8)-9

= lim = lim

ol (x-DWx+8+3) =l(x- 1)(\/x +8+3) ¥l (\/x +8+3)

. sin7x
Ilpumep 4. Haiit lim
*=Y sin 3x
Pemeuue. Tak kak X # 0 noJ 3HaKOM I1ipeeiia, To
sin7x sin 7x
sin 7x PR 7Tx 7x 7
lim —— = lim —* = lim| — |- lim —2—=—.
x—0sin3x x50 sin3x 3 0 3x) x—»0sin3x 3
3x 3x
S5x
. 2x +1
Ipumep 5. Haiitu lim
YR\ 2x -3
Pewenue.
5x
2x-3)2%
2x+1 oy ((2x-3)+4 , 4 PR
lim =(1 )= lim = lim| 1+
IO\ 2x -3 o 2x -3 e 2x -3
4 lim > Bl 10
=e x—w02x-3 =e 2 —e
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xol (x - 1)(\/x +8+3) )

=lim————=

1
.



91.

92.

93.

94.

95

96.

97.

3amaum Ne91-120:

Haiiti npenens (He mpuMeHss paBwio Jlomurans):

9 3 552
hmz—;
=2ox  —x—6

B) . sin7x
lim ;

x—0 tgzx

2) . S5x—x" -4
lim 5 ;
x4 3 _2x -8

B) ‘ tgzx
lim ;
=0gin2x

) 24x-3
lim——;

x—7 x—7

B) . CcoS2x— cos3 2x
lim 5 ;
x—0 X

a) o A2x-1- \/g
lim————;
x—3 x -3

B) ~ 1-cos4x
lim ———;
=02y . tg2x

a2t is5x-3
lim ————;
>33x" +11x+ 6

B) . 1—cos6x

im—-;

201 — cos2x

a) ) x2 -x-6
lim ——
=30x" +x=21

B) _ sin7x +sin3x
lim ——;
=0 x.sinx

a) ) x—2
lim
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0)

0)

r)

0)

0)

) 5x2 +3x+1
lim —————;
P4 —2x -9x

3x
. 2x+3
lim .
x*‘”( 2x — lj

lim 3
Y20 3IxT 4+ 5

2x
. 4x -1
lim .
Y20\ 4x +3

x3+2x+3‘

lim 3
Y20 4x” +1

2x
. 6x -5
lim .
Y20\ 6x —1

7x2+3x+1'

lim 3
Y20 57 +6

Tx
. 3x+4
lim .
Y20\ 3x +5
5x3 +2x+ 3'
3

lim
Y20 1 —4x

3 2
dx" +x" +1

B) . cosdx — cos3 4x
m—-";
x—0 3x2
98. a) 9% 5x7
lim ——;
==l 3y 4 x -2
B) . 1—cos3x
lim ———;
0 x.5in2x
9. 3 o x T +2x-15
lim 3
X>52x% +7x —15
B) . 1—-cos2x
lim ;
=0 x.tg3x
100 2 o135
. lim ——;
x—4 \/; -2
B) ) x-sin3x
lim ——————=—;
=005 x — cos” x

C 4x? —3x-10
101. a) lim ———;
=2 2 L 6x—16

\/x+3—2‘

B) im———;
x—1 \/;—1
2
102.a) lim x2+—5x+4;
>22x° —3x+5
B) i x+1
im ——;
13y +7 -2
. 4x2—5x+1
103.2) lim ————
TxT —3x+5
-2
B) lim Vx

5 5
24" —6x+8
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0)

r)

0)

r)

0)

4x
) Tx -1
lim .
YD\ Tx+5
. \/4x2 +x+1
lim ———;
¥ 5x+3

. Y —4 3x+2
lim .
IO\ x+2

Co4xt rox 4
hm 37
YR 5y 46

. x—6 Tx+4
lim .
Y=o\ x+4

4x2+x+5_

lim 3 3 ;
FPO3xT +x7 +1

. (x+8j2x+1
lim .
0\ x -2

4

3x +7x-5

6) lim —— >
X—>0 2x _7

2x+5 7
) fim| 22X .

2
3-7x"+3
6) lim > —

Yoo 5xT +1

2x+1
) S5x—1

r) lim .
Y20\ 5x+4

3x3+x+1 '

6) lim ;
=0 x2 +5- 7x3

4x+1
. 2x-17

r) lim )
x>0\ 2x -3




104.a) lim

105. a) lim

106.a) lim

x2+5x+6

x>-2 352 —x—14

x4
B) llm ——

2 [ 4y -3

2x2—7x+6.
x—2 6—x— x2 ’

sin2x - tgdx
B) lim &

2
x—0 X

b

x° —6x— 7

=132 L x 2’
. sin&x

B) lim ;
20 1g5x

3x2 +x—-4
107.2) lim————;
x>lgy _x? _3

x—1-2

B) lim ———;
x—5 x—35

2
4x° -=3x-10
108.) lim ——————;
22 x4+ 6x-16
. COSX — COS° X
B) lm————;
=0 xsin2x

2
2x° —13x-7
109. a )hmi
=7 x" —-9x+14

x-2
) lim
)1c1—>r%\/4x+ -3

2
110. a) hmw;
=2 x" —T7x+10
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43
6) lim 5-4x +2x;

xow x4 7x°

2x
. 3x -1
r) lim
X—>00 3x — 4

2
8~ + 4
6) 11m)627x

Y209y —x+7

3-2x
. 5x -2

1) lim )
X0\ 5x 43

x4+5x 2

6) lim —
R P

4—x
. x-2

r) lim )
X2O\ x+3

6) lim

2x+1
. S5x—1

r) lim )
Y20\ 5x +4

6) lim
) X0 x4 + x3

x—1
. 2x-3

r) lim .
YO\ 2x + 5

6 5x3—7x
)hm e >

x—o 1—

6x+1
. x+11

r) lim .
Y2\ x+9

5 9x” —4x* +2
Mm s 1

6x> +3x° -5

4 3 ’
Y20 xT —5x7 -8

2x3+x2—5.
_9’

111.

112.

113.

114.

115.

116.

a)

a)

a)

a) |

& ’1“1_% 5x2
2 -3x+ 2
hm

=214 - x — 3x

B) lim

x—1 \/;__1

lim
x——2 2x

B) lim :
=0 xsin2x

4x2—5x+1‘

o2x? —3x+5

N7 +x* —4

lim

B) lim
x>=2 x42

\/x+3—2.

B

x2+5x+4‘
2 _3x4+5

3
COSX —COS X

\/6+x—2.

b

2
COSX —COS X

b

2x° +11x -6

x_> 63x +17x — 6

2x - tg4x
B) lim ————;
=0 sin” 6x

b

B
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x+4
M 2x +7
imloe_3)

5x2 +9x

6) lim 5

X% 6~ Tx

3—x
. 2x+5
r) lim
IO\ 2x -1

3 2
6x  —3x" +2
6) lim ——

Y0 _3x +5x” -1

) 3 x—1
0 lim| 2 .
Y20\ 2x+ 5

3
2x” +3x— 8
6) lim

x—>oo1—5x +2x

4x+3
. 2x =17

r) lim )
X—>0 2x _ 3

3-— x5—4x4
6) lim ;

x—>007x +3x+1

x=3
2x-3
K 1211 2x -5 .
X o0 —_
x3+9x2+25‘

6) lim 3
¥ 5x7 —11

Tx+3
. x+10

r) lim .
YO\ x+7

9—2x3+x2
0) hmﬁ'
Y20 X" +x" +6




17, 2) 2x2+x—1
.a 5 —’
xlglzlx2 -3x-4

3 —lx

B) lim——;
x—1 x—1
2
2x° —x-10
118.2) iy
x>2x" +3x+2
. 4x-cosTx
B) lim——;
x>0 g§in2x
o 2x? +5x-3
119.2) lim ——————;

_ 2 ’
23 xT +5x+6

Jx? 4215

B) im——;
x—2 x—2

 3x2 —10x+3
120.2) lim ~——5——;
x>-25x" _16x+3

sin5x

B) lim ;
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2x + 5x3
) lim —— 3
X—>0 — X

4-3x
. 4x +3

r) lim )
x>0\ 4x -5

3x5 —x4 +2
O lim- 5 <

i T +9x° —2x

Sx+4
x+6

" lim () :
x—o\ X+ 5

) 4—5x2 +9x
0) im ——;

x""°6x+4—7x2,

2% 43 3+5x
r) lim( al j .

x>0 2y 45
Co6xS —5x2 42
6) lim —— =

4 3 50
Y20 3x" +8x” =3

7x+1
) x—3

r) hm( .
=% x+5

TEMA 5. JU®PEPEHIIMAJIBHOE NCYUCJIEHUE ®YHKIIUIA
OJHOM HEBABUCHUMOM NEPEMEHHOM

5.1. OcHOBHBIE MOHATHS

Onpeoenenue. [Ipouzsoonoul ¢ynkyuu y = f (x) 10 aprymMeHTy X Hasbl-

BaeTcs TpeeN OTHOIICHHS TMPUpANIeHus GyHKIUN K MPHUPAIICHHIO HE3aBHCH-

MOTO apryMEHTa MPH YCIOBHUH, YTO MPHUPAIICHNE apryMEHTa CTPEMHTCS K Hy-

mo. TIpoussoznas dynkuun y = f(x) obosmagaercs sepes y', f'( x),%_
X
+Ax) -
To onpenenenuo: y' = lim & im (e +Ax) f(x).
Ax—>0Ax  Ax—>0 Ax

Onpeoenenue. Onepanys OTHICKAHUS MPOM3BOIHON 3alMaHHON (QyHKIMH

HA3BIBACTCS Ouphepenyuposanuem 3Toi QyHKINU.

5.2. Tabumua Npou3BOHBIX

[To onpeneneHn0 MOKHO IOIYYUTH Clienytolnyto Tabnuiy Gopmyn nud-

Gepenyuposanust d1emMeHmapHbIxX QYHKYUL:

L(x") =nxn_1,r,ue neRr;

3.(a") =a" Ina;

1
5. (log, x)' = ;
xlna

7.(sinx)" = cos x ;

1
9.(1gx)" = PR
cos” x
11.(arcsinx)' = > ,x‘<1;
- X
, 1
14.(arctgx)' = 7
I+x

2. (\/;)' = 2\1/; ;

4.(e") =e";

1
6.(Inx)" =—;
X

8. (cosx)' =—sinx;

10. (ctgx)' = ——>—;
sin” x

13. (arccosx)’ = — > x‘ <1;
- X
. 1
15. (arcctgx)' = — 7
1+ x
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5.3. IlpaBuna auddepeHuupoBaHus

Ilycts C —mnocrostHHAS, © = u(x), v=v(x) — QYHKIIUH, UMEIOIINE TPOU3-
BoaHbIe. Torma:

1. TIpon3BoaHAast MOCTOSIHHOM paBHA HYJIIO, TO €CTh

C'=0.

2. [IpousBosHas apryMeHTa paBHa 1, To ecTb

x'=1.

3. IlpousBomHas anredpanveckoil CyMMbl KOHEUHOTO uucia muddepeH-
IUPYEMBIX (PYHKIUI paBHA TaKOW K€ CYMME MPOHM3BOJIHBIX ITHX (DYHKIHIA, TO
ecThb

u+wy =u"+v".

4. TlpousBojHas Mpou3BeAcHUs NBYX AuddepeHIupyeMbIX QYHKIUI paB-
HA MPOU3BEACHUIO MPOU3BOJIHON MEPBOrO COMHOXKHTEISL Ha BTOPOH ILTIOC MPO-
U3BEJICHUE TIEPBOTO COMHOXKUTENS Ha TIPOU3BOHOTO BTOPOTO, TO €CTh

@) =u'v+uy'.

Cnencteue 1. [ToCTOSHHBII MHOKHUTEIIF MOKHO BEIHOCHTD 32 3HAK IPOU3-
BOJIHOM:

(Cuy) =Cu'.

CnenctBue 2. Ilpow3BojHas TPOU3BEICHUS HECKOJBKUX MU dEpeHITH-
pyeMbIX (QYHKIMI paBHA CyMMeE TPOU3BEICHUIN TPOU3BOIHON KaXKJOTO M3 CO-
MHOKHUTEJIEH Ha BCE OCTAJIbHBIC, HATIPUMED:

(www) =u'vw + uv'w + uvw'.

5. IlponsBogHass 9acTHOTO NBYX AM(PPEpeHIUpPyEeMbIX QYHKIIUHA MOXKET

OBITh HaiiieHa Mo opMmyie
u u'v—u'
— | =———F5—,tne V# 0.

2
v Vv

5.4. InddepeHnupoBanue cI0KHbIX PyHKIMA
PaccMoTpeHHBIX (OPMYIT M MPABIII ONPEACICHUS IPOU3BOIHBIX HEIOCTA-

TOYHO U1 HAXOXKACHUS MPOU3BOJHBIX (byHKIII/Iﬁ 0oJiee CII0XKHOTO BuUaa, Ha-

arctgx
NpHUMEP, TAKHX KaK ) = VCOSX , Yy =e¢e HT.1.

Mycts y — ects dynkums ot U: y= f(u), rie U — B CBOIO Odepeab
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dyHKuMA OT aprymMeHTa X: u =@(x); B TaKOM Clly4ae TOBOPST, YTO ) €CTh
¢byHkums ot pyHKIUY, T.€. ¥ = f(@(x)).

Eciu a1 COOTBETCTBYIOIIUX JAPYT APYTY 3HAYEHHH X U U CYIIECTBYIOT
npoussoaubie f'(u)u u'=¢@'(x), T0 CylIECTBYeT M NPOM3BOAHAS OT ) 1O X,
MPUYEM UMEET MECTO PABEHCTBO

y'=f"(u)u'.
5.5. JuddepenuupoBanne GyHKUMA, 3aJaHHBIX IaPaAMeTPUYECKHU
ITycts QyHKIMS Y apryMeHTa X 3aJaHa PH NOMOIIM TAapaMeTPHIECKUX

=al(t
COOTHOIIECHHMIA {x 0,;((1))’ npuaem « (1) u f(t)- mbdeperuupyemsie GyHk-
y =
,_dy B
MU OT t U dx =a'(t)dt, dy=p'(t)dt . Torna y, =—="—=.
e=a'(t)dt, dy=p'(1) e

5.6. IndpdepennupoBanue pyHKIMA, 3a1aHHBIX HESIBHO
ITycts ¢pynkums y = y(x), obnanaromias MpoU3BOJHOU B TOUKE X, 3aja-

Ha HesBHO ypaBHeHueM F(x,y) = 0. Jlns HAaXOXJEHHs IPOU3BOIHOM y'(x)

Hajo npoauddepeHIupoBaTh Mo X 00€ YaCTH 3TOTO YPaBHEHHUS, YIUTHIBAs, UTO
¥y €CTh QYHKITHS OT X, ¥ 3aTEM Pa3pelIuTh MMOJyYeHHOE YpaBHEHNE OTHOCHTEIb-
HO ).
5.7. Cxema moHOro MccjieNoBaHus (GYHKIUHM W NOCTPOeHHe ee rpa-

Puxa

Jns monHoro wuccnenoBaHust (YHKIMH W IIOCTPOEHHS ee rpaduxa
MO>KHO PEKOMEHIOBATh CJIEIYIOLIYIO IPUMEPHYIO CXEMY:

1) Haiitn obnacTb onpeneneHus GyHKUNY;

2) yCTaHOBUTh HAJWYNE WIH OTCYTCTBHE YETHOCTH, HEYETHOCTH,
TIEPHOINIHOCTH (PYHKIINH;

3) HaliTH TOYKH TiepecevdeHns (PYHKIIUU C OCSIMH KOOPIUHAT;

3) HalTH MPOMEKYTKH MOHOTOHHOCTH (DYHKIINH, €€ SKCTPEMYMBI;

4) HalTH TIPOMEXKYTKH BBITTYKJIIOCTH U BOTHYTOCTH, TOUYKH TIeperuoa;

5) HaliTn acuMnTOTHI rpaduKa QyHKINY;

6) mocTpouTh rpaduk QyHKIUH.
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5.8. Pemienue THIOBOIO 3aaHUS

Ilpumep 1. Haiitu mpon3BOAHYIO OT QYHKIIUH Y = Vx? +3x+1.
Pewenue. BBenem BcrioMOTraTeNIbHYIO (DYHKIHIO u = x> + 3x+1, Torma

MOJKHO 3arucaTb y = \/; , Toe u = xH3x+1.

1

1 -1
ITo popmyie umeem y' = Euz -(2x+3), UM, 3MEHHB U HA €TO 3HaYe-

Hue:
2x+3

1
yE=— —_—
W% +3x+1 W% +3x+1

K Takoif moapoOHO# 3amucu MpuUOETaroT TOJBKO Ha HAYAJIBLHOW CTaauu
OCBOCHHS TIPaBWI AUQPGEPSHIIMPOBAHNS, & OOBIYHO BCIIOMOTATENBbHYIO (yHK-
IIUIO BBOJST TOJBKO MBICJICHHO W BBHITTOJTHSIOT YKa3aHHBIE IEHCTBHS.

~(2x+3)=

Ilpumep 2. Haiiti npon3BoHyI0 OT GyHKIMH » = In (x3 +7x— 3).

Pewenue. MbICIEHHO 3a ¢ IPUHUMAEM BBIPAXKEHUE X 34+7x3u [0JIy4aeM
. 3x% +7
X +7x-3

ITpumep 3. Haiit Ipon3BoaHyI0 OT GyHKIMH y =] — x? -arcsin4x .
Pewienue. Tlo npaBuny nuddepeHIpoBaHns TPOU3BEICHHS 3aITUCHIBA-

em:
Y = (\/1 —x? ) arcsin 4x +/1-x? (arcsin 4x) .
IIpu BEMUUCTIEHUH (\/ 1-x? ) npusuMaeM u=1—x*, Toraa

(\ll—x2) :;-(—ZX):— al
21-x* 1-x
Takum 00pazom,

5

. 4
arcsin 4x + ————/1-x> .

X
1-x? V1-16x2

Ilpumep 4. Haiiti nponsBoHyto oT pyHKIMH y = In arctg (x2 - 3) .

Pewenue. Tlpuaumaem arctg(x2 —3) 3a BCIIOMOTATENbHYIO0 (YHKIMIO U
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U nonydum V' =

[orss(2 5]

arctg (x2 - 3)

IIpu BBIUKCIEHUHN NPOU3BOAHON OT arctg(x2 —3) 3a BCIIOMOTATENbHYIO

(YHKIMIO TpUMEM (x2 —3) :

! 2_ ! _
|:arctg(x2—3)] = (" =3) = 2x=0 2x

nony4aum: y' =

1+(x2_3)2 l+xt =62 49 x*—6x?+10

IToxcraBuM HalICHHOE 3HAYCHHE B BBIPAKCHHE sl )’ , OKOHYATEIBHO
2x
(x4 —6x% + 10) arctg(x2 - 3)

3
x=3cos ¢

Ilpumep 5. Jlana QyHkuus . Haiitu y'.

.2
dy=2sin"t+5
Pewenue. ludpepeHunpyeM UCX0IHBIC PABEHCTBA T10 £

2 .
x = —-9cos” tsintdt
[y = 4sint costdt

dy 4sintcostdt 4

ITo dpopmyne momydanm — = =—

2 . - :
dx —9cos” tsintdt 9cost
Ilpumep 6. Haiitn mpon3BOAHYIO HESBHO 3aJaHHON (DYHKITUH )

X3 y3 = sin(x — 2y).
Pewenue. JTudpdepennupyss obe dYacTd ypaBHEHUS W YUYUTHIBas, 4YTO

y — ecTb (PyHKIHS OT X, MOJIYYHM:

3x2 +3y2 -y = cos(x — 2y)(1 - 2y") wm
3x2 +3y2 -y = cos(x —2y) — 23" cos(x — 2y).

Orcrona HaxonuM y':

niIn

T.. ¥ =

3y2 -y +2y'cos(x —2y) = cos(x—2y)—3x2

y’(Zvy2 +2cos(x —2y)) = cos(x —2y) — 3x2,
. cos(x—2y)—3x>

3y2 +2cos(x —2y)
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2x —1
2 u HOCTpOI/ITI) cec rpa—

(x=1)

Ilpumep 7. Viccnenoarb GyHKIMIO Y =

¢ux.

Pewenue. IIpoenem uccienoBanue 1o ooei cxeme.

1. O6nacts onpenenenus pynkuuu: x € (—o0;1) U (1;400).

2. Jlns yCTaHOBJICHMS YETHOCTM WJIM HEYETHOCTH (YHKIUMH IIPOBEPHM
BBINIOTTHAMOCTH paBeHcT [ (—x) = f(x) (torma f(x) —derHas GyHKIHs) HIH
f(=x)=—=f(x) (ans HeuerHol (yHKIMM) [T TOOBIX X M —X M3 00TACTH
onpeneNeHnst QyHKITUU:

—2x-1 2x -1
f(=x) =—, - (x =——.
(—x-1) (x-1)
Cnenosarensio f(—x)# f(x) u f(-x)#—/(x) To ects nannas QyHKIHs

HE SIBJISIETCS] HU YeTHOM HU HeYeTHOM. Taxke He sIBIsieTcs MepUOIUIEeCKOM.
3. Touku mepecedeHust ¢ OCsIMH KoopauHaT: e x =0, 10 y =—1; ecn
y=0,10 2x—-1=0u x=1/2.
4. [IpoMeXyTKH MOHOTOHHOCTH (DYHKIIHH, €€ IKCTPEMYMBI.
Juis uccnenoBanus (QYyHKIIMKA Ha SKCTPEMyM HaWJeM e¢ TEPBYIO HPOM3-
BOJIHYIO:
2
y,:2(x—l) —(Zx—l)-Z(x—l):_ x
4 3"
(x - 1) (x - 1)

y'=0 mpu x=0 u y —He cymectByeT ipu x=1. TeM caMbIM HMeeM JBE

KpuTHyeckue Touku: x; =0,x, =1. Ho Toukax, =1 He npuHaanexut ob6nactu

onpeaeIeHnsT PYHKIIMH, SKCTPEMyMa B HEll ObITh HE MOJKET.
JIyiss HarISIOHOCTH Pe3yJIbTaThl MCCIACIOBaHHUS (YHKIHWH IPEACTABHM B
BHUE TaOIUIEI 1.

Tabmumna 1 — UaTepBaiisl Bo3pacTaHus U yObIBaHUS (DYHKIMH, 3HAKH TIPO-
W3BOIHON '

nepBasi IPOU3BOAHAS MEHSET CBOH 3HAK C MHHYCa Ha IUIIOC, [I09TOMY B 3TOii
TOUKEe PYHKIMS HMeeT MEHUMYM: yo = y(0)=—1. 3uaunt 4(0;-1) —Touka

MHUHUMYMa.
5. ns ompeneneHust Touek nepernda rpaduka GyHKIUH M MHTEPBAJIOB
BBINYKJIOCTH U BOTHYTOCTH KPUBOH HaiiieM BTOPYIO IPOM3BOAHYIO:

n:_(X—l)z—X'3(x—1)2 _ 2x+1 .
(x-1)° (x-1)"

" __ 1 "
y"=0 npu x=—5 n y"—mHe cymectByer npu x=1. Jlnsd HarasaHOCTH

pe3yNbTaThI UCCIENOBAHUS (QYHKITUH MPEACTABUM B BHJIE TAOIHUIIHI 2.

Tabmmma 2 — VHTepBanbl BHITYKIOCTH W BOTHYTOCTH (YHKIIAH, 3HAKH
BTOPO# MPOU3BOAHON )" :

X (—oo;O) 0 (0;1) (1;+oo)
y' - 0 + -
Y yObIBaeT min BO3pacTaeT yObIBaeT

B nepBoM u TpeTbeM HMHTEpBalax MepBas MPOU3BOIHAs OTpPHULATENbHA,
CJIeJIOBATEeNILHO, 3JeCh (YHKIHMsS YyObIBaeT, BO BTOPOM HHTEpBAJIC —
MOJIOXKUTEIIbHA U TaHHAast QYHKIMS Bo3pacraet. [Ipu nepexone yepe3 Touky x=0
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2 2 2
y” — 0 + +
y M [Tepern6d ) )

Ha mepBoM WHTepBajie BTOpas MPOM3BOAHAS )" OTpHIATENbHA M Jyra

HCCIIelyeMOi KPHBO# BBIMYKJIA; HA BTOPOM U TpeTheM HHTepBanax y" >0, Tem

"

1
CaMbIM rpaq)m( SABJIACTCSA BOTHYTBIM. HpI/I nepexoae 4epe3 ToO4Ky x = _E y
. 1
MCHACT CBOU 3HAK, IMMO3ITOMY X =—E—a6cuncca TOYKH neperI/I6a. CJ'ICL[OBa-

TeJabHO, B (—%;—gj — To4ka neperuda rpaduka GyHKInm.

6. Acumnrotsl rpaduka pynkunu. Tak kak x=1 —Touka pa3pbiBa QyHK-

. 2x-1 N
oWy, IpudeM  lim 5= [Tostomy mpsimast x=1 sBIIETCS BEPTUKAIBHON
x—1 ( x—l)
acuMnTOTON Tpaduka. g onpenencHus] ypaBHEHUS HAKIOHHONH aCHMITOTHI
y=kx+b BOCIIOJIB3YEMCSI dbopmynamu:

k= tim 2 b2 tim [ ()~ ke Toraa

x—w X X—>®©
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1

2_i

k = 1im2x—_21= lim —— =0
x»oo(x_l) X ano(x_l)
b= lim 2L fim — 2~

X—>0 (x—1)2 X—>0 2(x—1)

3uauuT npsiMasi y =0 ecTh TOPU3OHTAIBHASI ACHMIITOTA rpaduKa UCCIeyeMOit
byHKITHY.

7. YuuThIBas TONYYCHHBIC PE3YJNbTaThl, CTPOUM TIpaduK G(YHKIHU
(puc.5):

Ay

><V

\_]-/Bz\y 1

A

Pucynox 5 — I'paduk ¢pynkimu
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3amaum Nel121-150:

Haiitn MPOU3BOAHBIC NEPBOI0 MNOPAAKA AaHHBIX (byHKHHﬁ, HCIOJIb3Ys

IpaBuJia BBIYUCIICHUA IIPONU3BOJIHBIX:

121.a) y=2x° —i3+1+3\/;,

X X
6) y =~/xtgx,
B) y= Inx
Y 4-3cosx’

Xx = arcsin 2¢
r) 1

1—4s%

o) y=x+arctgy .
5 6
123.2) y:7x+—2—\/3 a2,
X X

0) y = e arcsin x,

4 3f 2 7 [ 2
125. a)y:8x2 ——+3 x* - 126.a)y:3x2 — X -
X X X

6)y=x5 -ex;

3 5 2
122. a)y:—+5 x2 —4x3 +—
X X

6) y=sinx-Inux,

3/
X
B) y=—"roi,
crgx

x=(1—t)2,

y=cos(r-1)

T) 5

) x? —y2 =sin(x+y).

3 10
124.0)y=3x" —— x> +

—
X X
6)y:%/x_21nx,
. 3 x4
B)y = ,
o~

x=tgt2,
T) 5
y=t"-5.

) X y3 — sin(xy) = 0.

T
XS

6) y =cosx-(3x-1),
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1gx
B)y="";
Inx

{x=7+t2,
r)

y:ctg3t2.
n2" +2" =x+y.
7 1
127.a)y:5x3 ——2+4\/;+—,
X X

6)y:sinx~<‘/;,

Inx
B)y=—07—,
arcsin x

‘e 3

r) 1+
¥ = arcctgt.
X

n) — = ctgxy.
y

4
129. a) y:5x2 +——3\/x7 —2x$

X

6) y =Inx-arctgx,

X

B) y=—T,
arcsin x

x=sin? (1-41),

r) y= 5
cos” (1-4r).

X+ X
n) e Y =—.
Y

b
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3x°
B)y=—ro

H
ex

len(l—l‘4),

y = arccost”.

r)

n)sin x +sin y = x + ).
4 9 3
128. a) y=—5——+3x2 ~7x3,
x x

X
0) y=e -arccosx,

_cigx
2x*

B) y

E

x=arctg (1+ t)2 )

y=\/12+2t+2.
Dx+y=y".

130.2) ¥ Vx> —§+i—3x3,
X x3

1
[\S)

K y=(2+e_l)3.

a) ysin x —cos(x — y) = 0.

4 [ 7
131.a)y=3\/;+—5+3x2 -
X X

6) y=~1+ x? arctgx

.2
sin” x
B) V= ’
XCOS X

x = arctgt®,

y=ln(1+t4).

22
n) arcig(x —y)=x" -y~

5 1
133.a) y=8x——4+——5x4,
X X
&) y =2 (5x" +x),
8tg3x
B) y= X
1+e?

{x:ln(S—zz),
r)

y= arctg(S—Zt).
2 2
mny =xy-nx

2 4
135.a)y=7\/7——5—3x2 +—,

X X

6) y=(x —1)(e* + cosx),
X —X

) e + e

B y = s

3x2 +2

4 7
132. a) y=——3\/x7 ~ 2" +—3
X X
0) y=ctgdx - %/;,
arcsin2 \/;

T

X = arccost,
r)
y= (1 —t2 )3 .
2
m (x+y)” +2In(xy) =4.

2 4
134.a)y:3x4 +%/x75————2,
X

B) ¥ =

x
0) y= e_2xarctgx,
lg(x +2)
B) y= 2
sin 2x

X = Ze_4t,
T) 5
y= (1 - 4t) .
o) x =arctg(2x + y).

f 4 5
136.a)y=5x2 —3x4 tT3 T
X X

0) y= cost-sin2 2x,
4x —tgdx
X
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X= ctg(l—Zt),
r) _ 1

y=—.
cos? (1-2¢)

) xy —sin(x + y) = 0.

[ 3 4
137.a)y=3x7 +——4x6 +3
X X

6) y = ctg3x - arccos 3x2 ,
Sx
e
B) y="%H s
3xT —4x+2

9 x = cos> (2:+6),
y =sin’ (21+6).

m) ysinx + xsiny =0.
3 3 6
139.a)y=4)c3 ———3x2 +
X X

0) y= e_2x - cos3x,
log2 (7x=5)

)y=—""F
’ 1gx

R
r) sin? (2—1)
y=1g(2-1).

X
n)tg—+x=y.
y
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|

X
n) arctg— =x— Y.
Y

138.a)y=4x6 +— =

5

X

6) y= e ¥ - cos 3x,

y:tg(2—1)
nig—+tx=y
y
9
140. ) y=—3+\3/x4 -z
X
3
6) y=x-e
4x
e
W y=—,
(x+5)
3
_ _ 2
r) x= (1 t),
y =arcsint.

) ytgx+\/; =3,

x:sin3(t—4),

y = cos’ (1—4).

8 3
141.2) y=—3+——4\/x3 +2x,
X X

0) y= e arcsin3ux,

X
| l+e
B) y = ,
1-¢”
— «in?
) x =sin” (¢ —4),
T
y:cos3(t—4),
) lny—1=7.
X
5 7
143.a)y=9x3+———4+3x7,
X x
2x
6) yzezx - arcctg—,
5
x3 —3x'2
B) y=""T"1,
logsx

X =cos’ (2t+6),
r)

y =sin> (2t +6),

n e —eY cosx =0.

4 7 [
145.a)y=8x3 ————4—7x2,
X x

6) y =cos3x- sine4x,

[ 4 5
142.a)y=x2—3 x5 -~
X X

6) y = arccos4x - Inx,

1g3x
B)y=2—,
X +2x
xzte_SI,
r)
y=(5t-17,
n e =4x-17y.
[ 2 4
144.2) y = x3 +———5—5x3,
X X

6) y=Inx-(2 - cos2 x),
_ 4Inx

y=1g(2-1),

X_ .y
a)xarccos—=x .

y

4 f 2
146.2) y =3x5 ——3+2x3 +—,
X X

6)y=\/;-tgx,

64



lg(x +2)
DY=—
sin 2x

m{x-ﬁﬂ#)%

y =arcsint,

2 sin> () + In(x” + 32) = 0.

f 2 1
147.a) y =4x3 —6x4 >
X X

6) y=(~1+ xz)arctgx,

)
Sin X

B) y = ,
XCOS X

{x = arcsin(sin ¢),
r

y = arccos(cos?),

m 2x+y+e™ =2.

149.2) y = J__

+5x +—
x3
6) y= 2g 530 ¥3
8tg3x
B) y = ax
I+e
= Intgt,
r) ye 1
sin ¢
) y2 =x + Inxy.
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B Inx
VY= 4-3cosx
X = arcsin 21,
r) 1

y:
1—4¢2

2

1) e = x2y2—sinxy.

148. a)y—— \/ 2x +—

0) y =ctgdx - %/;,
| arcsin2 \/;
B) y=""T+—1,

Vx

x=coslInt,
r)
y= sin? t
2 2
n) xy =arctg(x™ —y).

4 5
w&@y=%x3——5+—+8f,
X X

0) y= e_2xarctge3x,
lg(x + 2)

B) y=""_"",
sin 2x

X = arccos 2¢,
r) 2

y=(5t" + 3) + arcsin 3¢.

n) sin y =xy2 +35.

3amaum Nel151-180:

IToctponTts rpaduk GyHKIHH Y = f (X), uconw3ys obuIyI0 cxeMy Hc-

CJICIOBAaHMUA.
151.y=x3 +6x>+9x+4

152.y =2 -x)(x + 1)

13 2

153. y=—(x" —9x7)
18

154.y=x3 +3x7-0x+ 5
155.y = (x - 6)(x - 3)°

156.y = 0,25(x3 - 3x2 -9x +27)

157.y=x3 +6x7-15x +8
158.y = (1 —x)(x + 2)?

1
159.y:—x3—3x2+5x+5
3
160.y =x" - 3x* - 24x - 28
161.y = (x + 4)(x - 2)°
13 2
162. y=—(—x" —9x7)
18

163. y =x° + 12x% + 45x + 50
164.y = (x +2)(x - 1)

165. y =x° —4,5)c2 +6x -2

166.y=x3- 6x* + 9x - 4
167. y=-(x+ 1)(x - 2)°

13 .2
168. y=—(—x" —3x" +9x+27)
8

169.y=x3 - 3x*-9x- 5
170. y = (x + 5)(x + 2)?

1
171.y=—x3—2x2+3x+4
3

172.y=)c3 - 6x%-15x- 8
173.y=-(x +2)(x - 1)

1
174. y = —(x3 - 6x2)
8
175.y =x" + 3x* - 24x + 28
176.y = (5 —x)(x — 2)°
1
177. y = —()c3 +3x% —9x -27)
4

178.y =x" - 12x* + 45x - 50
179.y = (x - 4)(x + 2)*

180. y = 0,25()c3 + 6x2)
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TEMA 6. UHTET'PAJIbHOE UCUYUCJIEHUE ®YHKIIUU OTHOM
NEPEMEHHOM

6.1. HeompeneneHnublii uHTerpaa. OCHOBHbIE MOHATHS
Onpeodenenue. Heonpedenennvim unmeepanom ot GyHkuuu f(x) Hasbl-

BAETCsl BBIPAKEHUE BUJA I f(x)dx=F(x)+C, ecmu F'(x) = f(x). Oynxums
F(x) HaspiBaeTcs nmepBooOpa3HOM aiist 3ajaHHON QyHKIME f(X) .

Hanpuwmep, eciin f(x) = 3x2 ,T0 F(x)= x3.

6.2. CBoiicTBa Heonpe e 1eHHOT0 HHTerpaja

D ([ £ () = f(x).

2) d([ f(x)dx) = f (x)dx.

3) [df@)=f@+C.

4) [ Af (x)dx = A] f(x)dx,rae A #0.

S) [(h) £ (0 = [ fi(x)dx+ [ £ (x)dx.

6.3. Taﬁ.mma OCHOBHBIX HEONMPEACTCHHBIX UHTEIPajioB
n+l

1. jx”dx=z+l+C, rae n¢—1,('[dx:x+C).
dx
2. J.;—ln|x|+C.
ax
3. jaxdx=—+c.
Ina
4. _[exdx:ex+C.

5. J.sinxdx =—cosx+C.

6. J.cosxdx =sinx+C.

7. |

dx
8. =—ctgx+C.
J‘sinz X

=tgx+C.
cos” x
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9. Itgxdx = —ln|c0s x| +C.
10. jctgxdx = ln|sin x| +C.

dx
SN
12.j

13.

=arcsinx +C = —arccosx + C.

5 = arcigx+ C =—-arcctgx+C.
1+x

-

1
14. I de :—arctg£+C.
a +x a a

= arcsm + C.

dc |x—al
15. | R 1|x+a|+c.

dx [
X+VX~ +a
Vx? +a
6.4. MeToabl HHTErPUPOBAHUS
[Tpu uHTErpUpOBaHNU HaMOOJIEe YACTO MCIONB3YIOTCS CIIEAYIOLIHE METO-
JIbL.

16. j =In +C.

1) Ecu j f(x)dx = F(x)+C, T0

j f(ax)dx = lF(ax) +C; j f(x+b)dx=F(x+b)+C,
a

r7ie @ U b—HeKOTOpbIE MOCTOSIHHBIE.
2) Ioasenenue noj 3Hak qud hepeHmana;

[ (@@ )dx = [ £(p(x)d (@(x)),
Tak Kak @'(x)dx = dp(x).
3) ®opmysia HIHTETPUPOBAHUS TI0 YACTSIM:
Iudv = uv—jvdu

OOBIYHO BEIpaXKCHUE dV BBIOMpPAETCS TaK, YTOOBI €r0 HHTCTPUPOBAHUC HE
BBI3BIBANIO OCOOBIX 3aTPYAHCHUH. 3a #, KaK NpaBUJIO, MPUHUMACTCS Takas
bynakms, muddepeHIpoBaHue KOTOPO MPUBOANT K ee ynpomeHuto. K kiac-
caM (QYHKLMH, HHTETPUPYEMBIX TI0 YaCTSIM, OTHOCSTCS, B YaCTHOCTH, (DYHKIUH
BUJIA
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P(x)e™, P(x)sin ax, P(x)cos ax, P(x)In x, P(x)arcsin x, P(x)arctgx , rue
P(x) — MHOTOUJICH OT X.

4) NurerpupoBaHue palMOHAIBHEIX Ipo0eil, T.e. OTHOLICHUI NBYX MHO-

rounecHoB P, (x) m (,(x) (COOTBETCTBeHHO k—# W n-# CTENCHN):
R(x)= P (x)/0,(x), cBOTHTCS K PA3NOKEHUIO OBIHTETPATLHON (YHKIIH
R(x) Ha seMeHTapHbIe, BCOra HHTCIPHpyeMbie APO0H BHA:
A Mx+N
(x—a) ’ (> + px+q)"

rae lum —HECJIBbIC MMOJIOKUTCIbHBIC YUCIA, d TPEXYJICH Xx

24 px+q He HUMeeT

JIeWCTBUTENBHBIX KOpHeW. [Ipn aToM B ciyyae HempaBHJIbHOW npobu (k> n )
JIOJDKHA OBITH MPEJBapUTENBLHO BhIICICHA 1IeJIast YacTb.

5) Humezpuposanue memooom 3amenvl nepemeHHnol (CriocoooM mo-
CTaHOBKH) SIBIISIETCSI OAHUM M3 3()(EKTHBHBIX MPUEMOB MHTerpupoBanus. Ero
CYLIHOCTb COCTOMT B IIEpeXoJie OT MNEPEeMEHHOH x K HOBOM mHepeMeHoll t:

X = (p(t). Hawubonee nenecooOpasHast Uil IaHHOTO WHTErpaja 3aMeHa Iiepe-

MEHHOM, T.€. BBIOOp (QDYHKIIUH q)(t), He Bcerna odeBuaHa. OmMHAKO TSI HEKO-

TOPBIX YaCTO BCTPCHANOLINXCA KJIACCOB (byHKIII/Iﬁ MOKHO YKa3aTb TaKHUC CTaH-
JAAPTHBIC IMMOACTAHOBKHU:

jR[ \/TJJ | ﬁjd = argt
J‘R(x,\/az?)dx, x=asint; IR(xm)d

rjie R— CHMBOJ palioHaTbHON (HYHKITHH.
6.5. @opmyna Hviomona-Jleubnuya nns BHIYUCICHUS OIPEICICHHOTO

sin l

MHTETpaa UIMEET BU:
b
I f (x )dx =F (x
a

ecmn F'(x)= f(x) unepBooGpasuas F (x) HenpepbiBHa Ha otpeske [a,b].

=F(b)-F (a),

OnpeneneHHbId MHTErpaj YUCIEHHO PaBeH IUIOWAAM KPUBOJIMHEHHOM
Tparmnenuy, OrpaHUueHHON MPSMBIMU X = a, X = b, y = 0 u 4acThio rpaduka

dynkman y = f(x), B3sTOl CO 3HAaKoM mmoc, ecii f(x)=0, K CO 3HAKOM
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munyc, ecmi f(x)<0.

6.6. Permienue THIIOBOTO 3a1aHUA

IlIpumep 1. Haiitn J

(x— 3)
dx 1

Pewenue. Tax kak I — =——+C , TO NONy4YUM
X X

J. dx :l_[ d(2x) :lj.d(zx—S):_ 1 .
@x-3% 27 (2x-37 27 (2x-3)  2(2x-3)
IIposepka:

’

1 1Y 1 =2 1
_ 4 C| == —| ==—- : = 3
2(2x-3) 2(25-3 2 (2x-3) (x-3)
Tpumep 2. Haittu _[ cosxes ™ ¥ dx .

Pemenne. Tak xak cosxdx = d(sinx), To noaBens nox 3Hak auddepen-

yasna, HaxoAuM
IcosxeSinxdx = Iesmxd (sinx)= P e)
Hpumep 3. Haittu Ixcos 2xdx .
Pemenne. IlpumenumM meron WHTErpupoBaHHUs 1O dYacTsaM. [lomoxum
u=x, dv=cos2xdx, torna du=dx,v= %sin 2x . Wcnone3yst Ghopmyidy HH-
TErpUPOBAHUS 110 YACTSIM, IMEEM

jxcos 2xdx = lxsin 2x—ljsin 2xdx :lxsin 2x+lcos 2x+C.
2 2 2 4

ITpumep 4. Haiitn I ﬂd

(x + 4) (x — 2)
Pewenue. TlonpiHTErpabHAS pAIMOHATBHASL APOOH SBISCTCS TPABIIb-
HOH | pa3iaraercs Ha dJIeMEeHTapHbIe ApOoOH BHA:
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33 7410 _Ax+B  C
(x2+4)(x—2) x* 4 x-2

OcBo0OOXMasgch OT 3HaMeHaTelled B 00EMX YacTAX 3TOTO PABEHCTBA H
MPUPABHHUBAsI YMCIUTENH, MMOJYy4aeM TOXAECTBO U BBIYMCICHHs HeEompeje-

nennsix kodpdurmentos A, B,C :
3x% —7x+10= Ax(x—2)+B(x-2)+Cx* +4C.
CoCTaBMM CHCTEMY TpeX YpaBHEHHH C TpeMs HEM3BECTHbIMH. OJHO

ypaBHEHHE MOJy4uM, mojyiarasi x=2 (KOpEeHb 3HAMEHATelsl MOABIHTErpalbHON
¢dbynkumn). J[Ba Apyrux NmoayduM, IpupaBHUBAsS KOI()PUITUEHTHI TPH OJTHHAKO-

2 0
BBIX CTETICHAX X B 00EHMX JacTsAX TOXKIECTBA, HApUMEp X~ W X TIIpu:
x=2: 8=4C+4C,

x*: 3=4+C,
x’: 10=-2B+4C
Pemenne stoii cuctemsl gaet: 4=2,B=-3,C =1. Takum o0paszom,

j3x ~7x+10 I[Zx 3,1 de_
(x +4) x +4 x=2

2xdx
X +4_3'[x2+4 '[X

1n(x2 +4)—%arctg§+ln|x—2|+€

° fr-1

IIpumep 5. BeYucInTh ONPEACICHHBIH HHTETPAT J—d
aVx+l1
Pewenue. 1lpumMeHMM METOJ 3aMEHbBI MEPEMEHHOM; IOJIOKUM \/; =t,
oTkyna dx =2tdt. Haiinem mpenenpl MHTEIPUPOBAHUS IO MEPEMEHOM f: TPHU
x=4 nvmeeM ¢t=2,anpu x=9 umeeMm ¢=23. [lepexoas B UCXOTHOM HHTE-
rpajie K HOBOIl IepeMeHHOW ¢ ¥ npumMeHsst Gpopmyny Herorona-JleiiOHuna,
TOJTy9daeM:
9 \/’ 3
x—1 t
~——dx= —2tdt—(t —4t+4ln|t+l|)‘ =

4\/}+1 S+l

=(9-12+4In4)—(4-8+4In3)=2,15.
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181.

182.

183.

184.

185.

186.

187.

188.

189.

190.

191

192.

193. a

3agaum 181-210:

Brraucnoure HECONPCACICHHBIC NHTCTPAJIBI:

=

a) J.L

5x-ln3x

a) J‘L
3(2-5x)"

a)j X dx
(2x +3)

a) Isin(Z - 3x)dx

2
a) J.3xex dx
a) _odx
x(ln2 x—4)

a) _[0054 X - sin xdx

a) [x(1+x%)?ax

2) I sin xdx

‘\/cos x+3

‘a)j erdx

3/1_ex
a) [xV3 ~xZax

a) Jarctg 3 xdx

1+x

5) ‘[ (x +18)dx

—4x—12
6)J- (x+4)dx
x -2x-8

6) (x+6)dx

x2 4 x-20

6) J-(x+12)dx
X" —-x—-6
J~ (x+19)dx
X2 -2x-15
6)J~ (5x+6)dx
x +4x-12
J~(5x 7)dx
x"=x-20

Sxdx
0)
'[xz +x—6

J- (5x +2)dx
x +2x-8
J~ (5x+1)dx

x +2x-15

(x —4)dx

X2 12x-3

6)J(2x+9)dx

X7 +5x+6

(x+9)dx

J.x +2x-3
72

B) _[(3 — X)cos xdx
8) [xIn(l-3x)dx
B) [xe”¥dx

B) jarctg4xdx

8) [(5—x)Inxdx
B) f xsin Sxdx

B) I(Zx +5)sin xdx

5 J-ln xdx

B) farcsinidx
3
B) fxesxdx
B) _[(Sx —2)In xdx
B) Ixcostdx

B) [(2x-1etdx



194.

195.

196.

197.

198.

199. a

200. a

201.

202.

203.

204.

205.

206.

a) jsin3 x - cos xdx

2) J- sin xdx

vV1—cosx

3\/ In xdx
a) J.

X
2) J‘qll —Ztgx e

COS X

2) xzdx
'[ 9+ x3

) sin xdx

cos  x+5

a) Ixz (2x3 - 4)10dx

a) jsins X - COS xdx

) J- cos xdx

V2sinx +3
-3
a)je x -xzdx

a) L
x(1+1nx)°

dx

Y J-sinz x - Yctgx

0 | (22x +27)dx

x"—=x-12

(6x +1)dx
6)J 2

x" -3x-4
6) J‘(I;x—Z)dx

X“+x-2
5) I(127—2x)dx

x" —5x+4
6)j(g—2x)dx

xT —=5x+6

(Bx +2)dx
6)J 2

x  —2x-8

(x —3)dx
o [

xT +6x+8

(4x + 5)dx
o5

x T +x-12

6 J- (27x —2)dx

x" +7x+10

(5—-3x)dx
05—

x  +8x+7

(4x + 3)dx
6)J 2

xT +8x+15

(4x —T)dx
6)J 2

xT —8x+12

(3—-2x)dx
5 | 2

x  +3x-4
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») [ xarcsin xdx

8) [(2 - x)sin xdx
B) [ (x+5)Inxdx

8) [(3x +4)cos xdx

B) jarcctg 4 xdx

8) [(2x—7)Inxdx
B) _[(x + 3)sin 3xdx
B) jarcsin 2xdx

B) J arccos xdx

B) I \/; In xdx

S5x

B) [xe ~dx

B) Ixarctgxdx

B) | (x +4)cos3xdx

[
207.a) | ——dx
Jx

cos 3xdx
Y I 33 +sin3x
x2dx
2) J 2-x)°

208.

209.

210. a)j d

cos? X413 —tgx

3agaum 211-240:

J- (5x + 4)dx

x2+4x+3

6 J- (gx —Ddx

x“+8x-9

3+ 2x)dx
6)_[(2 )

x" —6x+8

5 J- (2 —7x)dx

X +6x+5

B)
[(3x? +2) In 5xdx

B) Jarccos xdx
B) [ (2-3x)sin xdx

B) [(x+9)cosTxdx

Bpr4uciuTh miomnaas GUrypsl, OorpaHHYCHHON JaHHBIMU JuHUsAME: Clie-
JIaTh YEPTEXK U 3aITPUXOBATH UCKOMYIO IIIOIAb.

_ . 2
y=2x+2.
_— 2 J— —_
213, y=—x" —4x-3,
y=2x+10.
— 2 _
215, y=x"—4x+3,
y=3-x
— 2 —
a7, YT 4x,
y=X.
— 2 —
210, y=x" —-5x+4,
y=2x-2.
—x2+1
ni. VT ’
y=—4x-2.

_ 2
1. y=2(x+3)",
y=2x+10.
4, YT
y=2-2x.
_ _ 2
y=x+3.
2
ng, V=Xt
y=3-x.
_ 2
220. y_(x_3) )
y=9—-x.
—xz—x
2. V7 ’
y=3x-3.
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223.

228.

227.

229.

231.

233.

23S.

237.

239.

y:xz—L
y=1-x

2
y=—x"+5x-6,
y=4x-6.
y=d-x>,
y=1-2x.
y:xz—ZL
y=4-5x.
y:2x2—2x+L
y=2x+1.

2
y=x-D",
y=—4x+09.
y:6x—xa
y=x+4.
y=—0,5x> +2x+6,
y=x+2.
y=(x+2)7°,
y=x+8.

224.

226.

228.

230.

232.

234.

236.

238.

240.
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y:x2—2x—i
y=—4x-3.
y:x2+5x+4,
y=3x+7.
y:x2+m
y=3-2x.

Y= —Xa
y=4—4x.
y:x2—4x+l
y=-2x+3.
y:x2+4x+i
y=—x-1.
y:—x2+x+%
y=—x+1.
y=(+?,
y=3x+7.
y=4x—xa
y=4-x.

TEMA 7. JU®P®EPEHIIMAJIBHOE UCUACJIEHUE ®YHKINI
HECKOJIBKUX IEPEMEHHBIX

7.1. ®yHKIUSA HeCKOJBKHX epeMeHHbIX. OCHOBHBIC NOHATHSA

Omnpenenenne. [Tycts manbl gBa HemycThix MHOXecTBa D u U. Ecnu ka-
JKIOW Tape ACHCTBUTENBHBIX dncen (X; y), MPUHAIJIeKAIIeH MHOXKeCTBY D, 1Mo
OTIpE/ICICHHOMY IPaBUJTy CTABUTCSI B COOTBETCTBUHU OJUH U TOJIBKO OJUH dJie-
MeHT u u3 U, To TOBOpAT, 4TO Ha MHOXecTBe D 3anana ¢pyukyus f (uiu omo-

opasicenue) co MHOkecTBOM 3HaueHuil U. Ilpu 3ToM mumryt p—L U , Wnu

f:D—>U,um u= f(x,y). MHO)ecTBO D Ha3bIBaecTCs 00IACTHIO OMpeIeIie-
HUs (QYHKIMH, @ MHOKECTBO U, cocrosiiee u3 Bcex umcen Buma f(x,y), rae
(x;y)eD ,— mnoxcecmeom 3nauenuii  QyEkumn. 3HadeHHE  (QYHKIUU
u= f(x,y)B1ouke M (xy;),) Ha3bIBACTCS YACHHbIM 3HAUCHUEM QYHKYUU T
oGo3nauaercs f (xp;yo) um f(M).

7.2. YacTHBIEe IPOU3BOHBIC IEPBOr0 MOPSAIKA

Yacmmnoii npou3eoonoi or GyHkuuu z = f (x, y) 110 HE3aBUCHMOII mepe-

MEHHOM X HAa3bIBAeTCS KOHEYHBIN npeacia

(A y)—f(ny) o
lim G 3 (xy)=a—i=fx(x,y),

BBIYHCIICHHBIN TIpH TIOCTOSTHHOM ) .

YacTHOI MpOU3BOAHOM MO Y Ha3bIBAETCSl KOHEUHBIH Mpeaesn

Ay)— !
TGRS d REACE) ISV
Ay—0 Ay oy

BBIYHCIICHHBIN [IPH IIOCTOSTHHOM X .

Jlist 9acTHBIX NPOM3BOAHBIX CIPABEAIMBBI OOBIYHBIC MPABUIIA H (POPMYIIBI
muddepeHInpoBaHusL.

7.3. Hoanslii nuddepennuan

Honnvim npupawenuem bynxunn z = f(x,y) B 1ouke M (X;y) HasbpiBa-

ercs pasHocth Az = f(x+Ax,y+Ay)—f(x,y), rae Ax u Ay — IpoH3BOIB-

HbIC IpUpalICHUA apryMCHTOB.

Oyukiust z = f(x,y) HaspBaercs auddepeHuupyemoin B Touke (X,y),
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€CIIM B 3TOii TOUKE MOJIHOE NPUPALEHUE MOYKHO NPEACTABUTH B BUJIE
Az = ANx+BAy+0(p), tae p =~/Ax* +Ap? .
Honnvim ouppepenyuanom dyuxuuu z = f(x,y) Ha3bIBaeTCA rIIaBHAS

YacTh IOJIHOTO NpUpalleHuss Az, IMHeHHass OTHOCHTENILHO NPUPAIICHUH apry-
MeHTOB Ax U Ay, 1.e. dz = AAx+ BAy .

I[I/I(b(bepeﬁunanm HE3aBUCUMBIX IEPEMCHHBIX COBIIAJAIOT C UX MpHUpalic-

HUSIMH, T.€. dz =Axu dy =Ay.

[omusiit tuddepennuan GyHKIun z = f (x, y) BBIYHCIISIETCS 110 hopMyJIIe

dz =gdx+%dy .
ox oy

AHanoru4Ho, mMONHBIA nuddepeHiman (GyHKIUA TpeX apryMEeHTOB

u=f (x, y,z) BBIYHCIIETCS IO hopMmyIie

ou ou ou
du=—dx+—dy+—dz .
ox oy oz
IIpu pocraToyHo maioMm p = JAX? + Ay2 s auddepeHnrpyemMoit
¢byHKINN z = f (x, y) CIpaBeTNBHI IPUOIKEHHBIC paBCHCTBA
Azxdz;  f(x+Ax, y+Ay) = f(x,y)+dz.
7.4. YacTHbIe MPOU3BOAHBIE U TU(pepeHIIUATbI BBICIIUX MOPSIKOB
YacTHRIMHM TPOU3BOAHBIMH BTOPOTO TOpPSIKAa OT QYHKIMH z = f (x,y)

HA3bIBAIOTCS YACTHBIC IMPOU3BOJIHBIC OT €€ YAaCTHBIX MPOU3BOJIHBIX IEPBOTO
MOpsIIKa .
O0603HaYeHNE YaCTHBIX TIPOU3BOIHBIX BTOPOTO MOPSIIKA:

i[@)zé_zz: " ()C ) i(%j: 622 — " (x )
olar) a2 TV Glan) Ty T\

i % _ 622 e (x ) i @ :a_ZZ: " (x )
axcl\ay) ayer VS Gl ) T T Y

AHaI0rM4HO OIPEACIAIOTCA U 0003HAYAIOTCS YaCTHBIC MMPOU3BOAHBIC

TPETbUX U BBICHINX MOPAAKOB, HAIIPUMEP:
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ofo%z) &z ., (5): o(é%z) &z ., (5.)

~ | T A |77 = Jxxx s s T~ | T A |T T 5 = xxy ) U T.O.
x| ox? ox’ | ox? 6x28y

Tak Ha3bpIBaeMbIe «CMEIIAHHBIEY MMPOU3BOIHBIC, OTIIMIAIONINECS NPYT OT Ipyra

JIMIIG TTOCNIEIOBATENLHOCTRIO M hepeHITMpoBaHus, paBHEI MEXIY COOOH, eciu
OHH HETPEePBIBHbI, HATIPUMEP:

0%z B 0%z
ox0y  Oyox

Juddepenumanom BToporo nmopsaka ot GyHKIua z = f (x, y) Ha3bIBaET-

cs uddepeniman ot ee noaHoro gupdepenuuana, r.e. d>z =d (dz).
AHAJOTUYHO ONpEeNsoTes AUpPEpeHIMaIbl TPETHEr0 U BHICIIMX MO-

PAIIKOB: d32=d(d22);3006me d"z=d(d"_lz).

Ecmu x m y — He3aBHCHMBIC TIEpeMEeHHBIE M QYHKIUS f (x, y) nMeeT He-

MPEPBIBHBIC YaCTHBIC MPOU3BOJHBIC, TO Mu(pdepeHIHaNbl BBICIIMX TOPSIKOB
BBIYUCIIAIOTCS 110 (popMynam:

2 2 2
dzz:a_jdxz +2 oz dxdy+a—§dy2;
Oox oxay oy
3 3 3 3
d3z=a—§dx3+3 822 a2y +3-2 - dxdy2+6—§dy3.
ox Ox“0y 0Ox0y oy

7.5. InddepenuupoBanue HesiBHbIX QyHKUIMHA

IpownsBonHas HesBHON GyHKImME y = y(x), 3a1aHHOI C IOMOIIBIO ypaB-
HeHus F (x, y) =0,rne F (x, y) — muddepennmpyemast QyHKIUS nepeMEHHbBIX
X ¥ y , MOXET OBITh BRIYHCIICHA TT0 (hOpMyIIe

, OF / Ox oF
y = pu yenoun —— # 0.

COF /oy oy

[Tpou3BoHBIC BHICIINX TMOPSIKOB HESIBHOW (DYHKITMM MOXKHO HaWTH IIO-
cienoBaTeNIbHBIM TH(PepeHITMpOBaHNEM YKa3aHHOH (OpMYIIbI, paccMaTprBast
IIPH 3TOM ) Kak QYHKIHUIO OT X .

AHaJ’IOl"I/I‘{HO, YaCTHBIC MPONU3BOJAHLIC HESIBHOM (byHKIII/II/I JABYX NEPEMCH-

HEIX z=¢(x,y), 3amaHHON C TOMOmBIO ypaBHeHHus F(x,y,z)=0, rae
F(x,y,z)—muddepenuupyemas GyHKIHs IEPEMEHHBIX X,y M Z , MOTYT ObITh

BBIYHUCIICHBI 110 popMyIIamMm
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0z _ OF|ox oz OF /oy
o  OF/dz’ 0y  OF/éz

7.6. JkcTpeMyM pyHKIHHA

npu ycnosuun — # 0.
0z

Oyukius  z = f(x,y) nMeeT Mmakcumym (MUHUMYM) B TOYKE
M, (xo; Yo ), €CJTM 3HaueHue QYHKITMH B 3TOH TOUKe O0JbIne (MEHBIIIE), 9eM e

3HAuCHHE B JIO0OH Apyroii Touke M (X; y) HEKOTOPOH OKPECTHOCTH TOUKH

My, 1e. f(x0,39)> f(x,y) [coorBerctBenno f(xg,yq)< f(x,»)] mns
BCEX TOYeK M (X;y), YAOBIETBOPSIONIAX YCIOBHIO |M oM | <&, tme & - moc-

TaTOYHO MaJIO€ MOJIOKUTEILHOE YUCIIO.
MaxkcumyM Win MEHUMYM (DYHKIIMH Ha3bIBaeTCs e¢ IKcmpemymom. Tou-
Ka M, B KOTOpoi (DYyHKIMS UMEET IKCTPEMYM, HA3bIBAETCS MOUKOU IKCImpe-

myma.
Ecmm muddepenmupyemas GpyHxmmst z = f (x, y) JIOCTHTAET PKCTpeMyMa
B Touke M, (xo; yo), TO €€ YaCTHBIC MPOU3BOJIHBIC MEPBOrO MOPSAKA B ITOH

TOYKE PaBHBI HYJIIO, T.€.

5f(x0,J’0) —0 5f(x0aJ/0) -0
ox ’

oy
(neobxo0umvle ycnosus IKcmpemyma).

Touky, B KOTOPBIX YacTHbIE MPOU3BOJIHBIC PAaBHBI HYIIO, HA3bIBAIOTCS
cmayuonapuuimu mouykamu. He BcAkas cTalMOHapHas TOYKA SIBISIETCS TOY-
KO SKCcTpeMyMa.

Mycts Mg (xg; yo ) — cranmonapras Touka ¢ynkunn z = f(x, y). O6o-
3HAYUM
L (or0) S (xour0) o 0 (0.30)

A =
8}/2

E El

ox? Ox0y
U cocTaBuM ouckpumunanm A= AC —B?. Torna:
a) ecmu A >0, To dyHKIUSL UMeeT B Touke M|, SKCTpeMyM, a HMEHHO MaKCHU-
MyM ipu A < 0 (wru C < 0) 1 MmuaamyM nipu 4 > 0 (wzu C> 0);

0) ecin A <0, 1o B Touke M|, dKCTpeMyMa HET (JI0CTaTOUHbIE YCIOBMS Haju-

YHsI WIA OTCYTCTBHS SKCTPEMyMa);
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6) eciim A =0, To TpeOyeTcs nanbHeHIee ucCcIeoBaHue (COMHUTENLHBIN CITy-

Yai).
7.7. PelieHue TUNIOBOTO 3a1aHUS
z, .2 )
Hpumep 1. lana pynxius z =¢* ™Y . Haittu Z %
ox Oy
Pewienue.
b 2,2 ' 2,2
R (x2 +y2) x=2xe" 7V,
Ox
o 2,2 ' 2,2
_Zzex +y (x2+y2) y=2ye" +7
y
x+y N
ITpumep 2. [lana dynkuus z = arctg . Haiiru dz.
xX=y
Pewienue.
0z _ 1 -2y y
- 2’ 2° 2 2
ox £x+y] (x—y) x“ 4y
1+
xX=y
0z _ 1 2x X
- 2’ 2 2, 2"
6y (_xq_y\J (x—y) X" +y
1+
xX=y

CrenoBaTenbHo, dz = oz dx ﬁ dy = xdy — ydx .
ox y x>+ y2

0,015

Ilpumep 3. BerauciuTh MpHOIMKEHHO \/ sin? 1,55+8e , ACX0Id W3

3HAaYeHHs QYHKUUH z = /sin’ x + 8¢’ npu x=7/2~1,571,y=0.
Pewenue. VickoMoe 91CII0 €CTh HAPAIICHHOE 3HAYCHNE (DYHKITUH Z TIPU
Ax =0,021, Ay =0,015. Haiinem 3nauenue z npu x = 7 /2, y =0; umeem

z = 4sin® (71'/2)+8€0 =3.

Haxoaum npuparnienue QyHKIUY:
. y )
Az ~ d= :%ijLgAy _ sin 2xAx + 8e” Ay _ 8-0,015

Ox oy 2\/sin2 x+8e” 6

Clie1oBaTesbHO, \/sin2 1,55+ 80015 & 3,02.

=0,02.

Hpumep 4. Boraucmurs npubmmkenno arctg(1,02/0,95), ucxons us
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sHaueHns GyHkuun z = arctg(y/x) npu x=1,y=1.

Pewenue.  3Hayenme  QyHkumm z npu x=1, y=l  ectb
z=arctg(1/1)=7/4~0,785.
Haiinem npupamenue pyaxmun Az npu Ax = —0,05, Ay = 0,02 :

Mzdz:%mﬁ@m}:_ 2yszJr 2XAyz :xAgz—y;sz
ox Oy XT+yT o oxT+y x“+y
:1.0,02;1.0,05:0’035'

CrnenosarenbHo, arctg(1,02/0,95)=z+Az = 0,785+0,035=0,82.
Ipumep 5. cos(x+y)+y=0. Haiitu y'.

Pewenue. 3nech F(x,y)=cos(x+y)+y.
Haiinem (Z—Z =—sin(x+y), % =—sin(x+y)+1.

CrnenoBaTebpHO,

!

—sin(x+y)  sin(x+y)

4 :_l—sin(x+y) - 1-sin(x+y)
0 1o
Hpumep 6. z* —3xyz = o°. Haiitu ZuE
ox Oy
Pewenue. 3nece  F(x,,z)=2° ~3xyz - a°.
oF oF oF
Haxomum — =-3yz, —=-3xz, — = 32— 3xy.
Ox oy oz
Torxa oz __ —3yz  yz 0z —3xz  xz

ox 322—3xy_22—xy’ 6y_ 322—3xy_22—xy.
Hpumep 7. Haiitu skctpemym GyHKIMH z = x2 + xy + > —3x— 6.

Pewienue. HaxomuMm dYacTHBIE TIPOW3BOJHBIC TMEPBOTO  IOPSAKA:

% =2x+y-3, % =x+2y—6. Bocnosp30BaBIIMCh HEOOXOAUMBIMH YCIIO-
X

BHUAMU DKCTPEMYMA, HAXOAUM CTaHMOHAPHBIC TOYKH:

{2x+y—3=0,

otkyma x=0, y=3; M(0;3).
x+2y—6=0, " Y (0:3)
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Haxoanm 3HaueHus 4aCTHBIX MPOU3BOIHBIX BTOPOTO MOPsiAKa B TOUKe M:
0%z 0%z 0%z
=2 =2 =

2 2
ox dy OxQy

1

M COCTaBJIsIEM NUCKPUMHUHAHT A = AC — B?>=2.2-1=3> 0; 4>0. CnenoBa-
TEJIbHO, B TOUuke M (0;3) 3amaHHas (DYHKIHS UMECT MUHUMYM. 3HAYCHUC

(bYHKLUH B 9TOH TOUKE Z,;, =—9.
ITpumep 8. Haiit sxcTpeMyM QYHKIHU
1 X y
z=—xy+(47-x-y)| —+= |
2 al y)(3 4j
Pewenue. HaxonuM yacTHbIE IPOM3BOJIHBIE IEPBOTrO MOPSAKA!
e_ 1 2 4 114

=——y-——x+—, ——y——x+—.
Ox 12y 3 3 0y Zy 12 4

Bocnoan3oBaBumich HCO6XO,HI/IMI)IMI/I YCJIOBUAMHU I3KCTPEMYyMaA, HAXOJAUM
CTAallUOHAPHBIC TOYKHU:

2.4

Y 3T {8x+y:188,
Uu.

—ly—ix—i-ﬂzo, x+6y=141.

27 1

Orcrona x = 21, y = 20; cranmonapHas touka M (21;20).
Haiinem 3HAYEHUS BTOPBIX TPOU3BOJIHBIX B TOYKE M:
Pz 2 92 1 &z 1

o N ay_z__E’ 0Ox0y T

Torma A= AC - B? =(-2/3)(-1/2) - (-1/12)* =1/3-1/144 > 0.

Tak kak A<0, To B Touke M (21; 20). (byHKLIUS UIMEEeT MAaKCUMYM: Z,.. = 282.
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241.
242.

243.

244.

245.

246.

247.

248.

249.

250.

251.

252.

253.

254.

255.

3amaum Ne 241-270:

Oz 0z

Haiitn yacTHbIC MOPOU3BOAHBIC IEPBOI'O MOpSAAKA — U — !

z= 1n(16x—x2 —4y2)
z=2Inx—In(2x-y> 1)
z=1n(x2 +4y2 -4)—Inx
z=x+2\l45—x2 —y2
z=In(13+ 12y — y* —x?)

z=x+y—4/15+2xy

z= 5+2x-|—y2—3x2y
z=3lny—1n(2y—3x2—4)
z= y2+6x—x2
5
z=In(x" +1Iny)

z = In(sin x + cos y)

z = In(Wx +2°)

2= In(nfy +-2)
2x

X
z= arccos(ln —\J
y

Y
z=arcig——
X

83

256.

257

258.

259.

260.

261.

262

263.

264

265.

266

267.

268.

269

270.

ox Oy
z= arcsin(y\/;)
z=cosy+y-e
z =In(cos y + xsy)
z= x4y2 +In(2x + 5y —3)
2= -sin3y
z = In(x + x2 +y2)
z =Insin(2x - 3y)
2 = cos” (4x° —34/y)

z= ln(sinx + tgy)

co6yd 7ol 4y
2 2
Z = arccosyy  —x

z= (x3 +y2)-exy
z= sinxy2 +1n\/3x3 +7y5

z= tg2(3x —5yxp)

z=In(y + x2+8y3)

3agaun Ne 271-300:

Broruucnuth npubimkennoe snauenue pyuximu z(X; y) B touxe A4.

271. z = \/xz +2xy,

A(1,94; 3,02)

272. z :5+2xy—x2,
A(1,98; 3,92)

273. z :3x2 —xy+x+y,
A(1,06; 2,92)

274. z =4\x+ Ty,

A(1,94; 1,03)

4)cz—y2
275. z=¢ R

A(0,98: 2,03)
276. z = x° + 2y sin(xy)
A(0,05: 1,96)
277. z = InGx” — 2xy),
A(1,03; 0,98)
278. z = x2 +3xy -6y,
A(3,96; 1,03)

x2 —2xy
279. z =¢ R
A(0,05; 2,97)

2 2
280. z=x -y +6x+3y,
A(2,02:2,97)
281. z = \/x3 -i—y2 +xy,
A(2,06; 1,96)

2 2
282. z=x +y +2x+y,
A(1,98:3,91)
283. 2 = 2x° + cos(xy) + 5y,
A(1,99; 0,02)
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286. z = ¢’ In(x +2y),

A(0,98; 0,03)
287. z = In(x + e_y) ,
A(1,04;0,05)
288. z = x2 +2xy + 3y2,
A(1,96; 1,04)
289. z = /x> + 2y +3,
A(2,02; 0,97)

2x2 —-Xxy
290. z =e ,
A(2,03;3,94)

291. z = x2 + 3xy + 3y2,
A(1,98; 1,02)
292. z = 5xy + 2 cos(xy) + 4)’2 ’
4(0,05;2,98)
293, z = 1n(4x2 - 3xy),
A(0,96; 1,02)

2 3
294, z =2x"y + 3y~ —5x,
A(2,04; 1,96)

295. z =4/2x + 5y,

A(1,97; 1,05)
296. z = \/Sex + y2 ,
4(0,02; 2,03)

297. z = In(Vx ).
A(4,03; 0,98)

298. z = xy +2y° - 2x,
A(0,97; 2,03)



284. z = x2 - y2 +5x+4y, 299. z = 1n(%/; + 4\‘/; -1, ;aliaqn NQ331-360;) (x: )
AUTHU SKCTPEM HKIUU IBYX IEPEMCHHBIX Z ; .
A(3,05; 1,98) A(1,03; 0,98) pemyMm by yX mep y

2 2
285.Z=2xy+3y2—5x, 300, » ,x2+5ey, 331.z=x)3/—x 2—2y +x+10y -7
A4(2,04; 3,95) A(2,04; 0,02) 332. z=x" +2y  —27x-24y

333. z=5x+6y—-20Inx—-12Iny

3anasm N 301-330: 334. z=4x+y+16/x+1/y
dy
Haiitu mpon3BoAHYyI0 —— OT HESIBHOW (DYHKIMH, 3aJaHHOH YpaBHEHHUEM. 335. z = -2 x3 -2 y3 +24x + 6y
dx
.2 2 g
301. xsiny—cosy+cos2y =0 316.x2cosy+3x3y+5=0 336. z=3x"+3xy+y" —6x -2y +1

302. l+xy—ln(exy +e_"y)=0 317. y—x"y + sin(x) = 0 337. z = 4x +15In y — 2x — 5

2
303. ysinx —tg(y —x) =0 318. y-cosx—x2y+xy5 _3-0 338. z=3x"+y-24Inx-8lny
304. xsin y+ ysinx—8 =0 319.6x2_\/m:0 339. z=5x+3y+5/x+27/y

| | 5 340. z=3xy—x" -4y’ +4x -6y -3
305. sinx-Iny+cosy -lnx =0 2 2 v
320 (x" /) +(y /T +e” =0 341.z=5x3+4y3—15x—48y

2 _ et 321. ylnx+3xIny =0
306. In(x —rgy) —e =0 g g 342. 2= x> + > —3Inx—50In y
307. x2 —y2 + arctg(xy) =0 322. ex+y +In(xy) =0 33 53 2 .\ 6r 095
308. xcos y —sin(y —x)=0 323. xcosy+ ycosx—7=0 sEE Y T ey
2 3
309.2xoexy—y~ex+x2=0 324.x+y2+ln(x+y2)=0 344. z=x +y —8lnx-8llny
2 2
310. x2y+argsin(x/y)=0 325. sin x + cos y + cos(x —3y) = 0 345. 2 =3x" +3y" +5xy+4x+Ty+5

2 346.z:x2+xy—4x+8y+9

311 x-In(x = y) = (y/x) =0 326. (x> /3)+3x2¢” =¥ =0

347. z:x3 +4y2 —27Inx-32Iny

312. \/; +Iny—argtg(xy) =0 327. x2 + 5y2 - 61n(xy3) =0 \/—
348. z =9Inx +8Vx —-3x -4y
313. xsiny —cos2y =0 2x+3y _
Y Y 328. [xy + 2xcos y+ e =0 349, 2 —3x+4y+27/x+16/ y
2 2 2 2 3x 2
314. x“ +y  +In(x" +y ) =0 329. ¢+ (y  /Ax)+(x/y)—(5/x)=0 350. 2 = 3x+ 6y — x> —xy—p°
2 2
315. xy° —sin(o) + 2 =0 330. In(x” +2)%) — 1g(xy) = 0 35Lz=x" +3w+y —x-4y+1

352. z=6Inx+324y —3x-8y
353. 2= 2x + y° —48Inx—181n y
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354. z =2x+5y+18/x+20/y
355.z:xy+x2+y2—6x—9y
356.z=x2+y2—xy+x+y+2
357. 2= x> 43> —32Inx—24Iny
358. z=3Vvx +2llny—-0,5x -7y
359.z:3xy—x2—3y2—6x+9y—4

360.z=x2+2xy—y2+6x—10y+1
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